THE UNIVERSAL COVER OF AN AFFINE 
THREE-MANIFOLD WITH HOLONOMY 
OF SHRINK ABLE DIMENSION < TWO. 
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Abstract. An affine manifold is a manifold with an affinc structure, i.e. 
a torsion-free flat affine connection. We show that the universal cover of a 
closed affine 3-manifold M with holonomy group of shrinkable dimension 
(or discompacite in French) less than or equal to two is diffeomorphic to 
R 3 . Hence, M is irreducible. This follows from two results: (i) a simply 
connected affine 3-manifold which is 2-convex is diffeomorphic to R 3 , whose 
proof using the Morse theory takes most of this paper; and (ii) a closed 
• affine manifold of holonomy of shrinkable dimension less or equal to d is 

\ d-convex. To prove (i), we show that 2-convexity is a geometric form of 

topological incompressibility of level sets. As a consequence, we show that 
the universal cover of a closed affine three-manifold with parallel volume 
form is diffeomorphic to R 3 , a part of the weak Markus conjecture. As 
\ applications, we show that the universal cover of a hyperbolic 3-manifold 

■ with cone-type singularity of arbitrarily assigned cone-angles along a link 

OS [ removed with the singular locus is diffeomorphic to R 3 . A fake cell has an 

""j^ ■ affine structure as shown by Gromov. Such a cell must have a concave point 

at the boundary. 
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Our research is to understand the geometrical and topological properties 
of manifolds with flat real projective or affine structures, particularly in low- 
dimensions. A hyperbolic structure on a manifold can be naturally regarded 
as a real projective structure using the Klein model of hyperbolic space. Our 
interest stems from the fact that the eight 3-dimensional homogeneous Rie- 
mannian structures can be considered naturally as real projective or product 
real projective structures, as observed by Thurston, Kapovich, and many oth- 
ers even earlier (see [16| for a proof and also Molnar |37| and Thiel fl5CH ). 



(A product real projective structure is a geometric structure modelled on a 
product of real projective spaces and a product of projective transformation 
groups.) The research on these homogeneous Riemannian structures led to 
the explosion of discoveries on 3-manifold topology as initiated by Thurston in 



Date: June 12, 1999. 

1991 Mathematics Subject Classification. Primary 57M50; Secondary 53A20, 53C15. 
Key words and phrases, affine manifold, Morse theory, aspherical three-manifold, affine 
structure, singular hyperbolic three-manifold, fake 3-cell. 

Research partially supported by GARC-KOSEF and SNU Research Fund 1995-03-1036. 

1 



2 



SUHYOUNG CHOI 



the 1980's, from which we gained a very practical detailed and comprehensive 
understanding of 3-manifolds even unparalleled in the presently ever expand- 
ing study of 4-manifolds for example. However, we feel that we may need to 
look at more general geometric structures to gain deeper insights. The study 
of contact structures and foliations form a line of such research. 

Classical affine and projective geometries form a very rich field giving us 
much insight into Euclidean, spherical, and hyperbolic geometries. A compre- 
hensive treatment of classical affine and projective geometry by Berger [[J for 
example shows the depth, beauty, and fertility of this subject quite clearly. We 
feel that a study of real projective and affine geometric structures has many 
interesting global properties and are attempting to develop tools of study (see 



Benoist 0, Goldman p| , |25| , Choi Hlql , and Choi-Goldman JL7| for refer- 
ences). Most of local properties of affine or projective differential geometry 
were discovered much earlier while there seems to be only a small number of 
global results. More importantly the study of real projective and affine struc- 
tures are important in understanding representations of discrete subgroups of 
Lie groups. However, it is beyond the subject of this paper. 

Topological and geometrical properties of real projective and affine struc- 
tures on 3-manifolds are completely unknown at the moment. For example, 
we do not have an example of a 3-manifold not admitting a real projective 
structure. Sullivan and Thurston [|9| made a conjecture that all 3-manifolds 
admit some analytic geometric structure. This conjecture implies the Poincare 
conjecture for example. (It is shown by Smillie [37J] that some 3-manifolds that 
are homeomorphic to connected sums of Lens spaces do not admit flat affine 
structures.) 

In this paper, we study affine structure on 3-manifolds. Affine geometry 
is the study of properties of the vector space R n , n > 1 invariant under the 
action of the group Aff (R n ) of affine transformations according to Felix Klein's 
Erlangen program. An affine structure on a smooth n-manifold is given by a 
maximal atlas of charts to R n where the transition functions are affine. That 
is, an affine structure gives a way to lift affine geometry on a manifold locally 
and consistently. An affine structure can also be given by a torsion-free flat 
affine connection. An affine manifold is a manifold with an affine structure. A 
local diffeomorphism between affine manifolds is affine if it preserves the affine 
structures locally. 

A so-called equi-affine manifold is an affine manifold with a volume form 
parallel under its connection. Equivalently, an equi-affine manifold is an affine 
manifold which admits a compatible atlas of charts where the transition func- 
tions are volume-preserving affine maps. We will prove that a closed equi- 
affine 3-manifold must have a universal cover diffeomorphic to a 3-cell using 
Morse theory adapted to our geometric situation. In particular such an affine 
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3-manifold is irreducible and does not contain a fake cell. This answers a ques- 
tion of Carriere and sharpens Theorem 2 of Smillie [47]. (A much shorter 
version of this paper was written as a proceedings paper [|15|j .) 

A quotient of the complete affine space R n by the properly discontinuous 
and free action of a discrete subgroup of Aff(R n ) is an example of an affine 
manifold. A complete affine manifold is an affine manifold affinely diffeomor- 
phic to such a quotient. For example, a closed manifold with a flat Riemannian 
metric is affine since it is isometric with the quotient of the complete Euclidean 
space by a group of Euclidean isometries (which are affine also) . A closed flat 
Lorentz manifold is also affine since it is modeled locally on R™ and the group 
of Lorentzian affine transformations (which are affine) on R n equipped with a 
Lorentzian inner product. 

Assigning an affine structure to a smooth manifold M is equivalent to as- 
signing a pair (dev, h) where dev is an immersion from M equivariant with 
respect to a homomorphism h from the group 7i"i(M) of deck transformations 
of M to Aff(R n ). dev is said to be a developing map, and h a holonomy ho- 
momorphism, whose image is said to be the holonomy group, dev is obtained 
by analytically continuing local charts and h by piecing together the transition 
functions as we continue (see Ratcliff JP], Chapter 8]). 

A complete affine manifold is characterized by the fact that the developing 
map is a diffeomorphism onto R n since its universal cover is affinely diffeomor- 
phic to R n . Numerous incomplete examples were constructed by Sullivan and 
Thurston f49| . They include some Seifert spaces (see Section 2), and bundles 



over surfaces with fibers homeomorphic to tori. 

Affine 2-manifolds were classified by Nagano and Yagi |4]J . They are always 
homeomorphic to tori or Klein bottles as was shown by Benzecri-Milnor || 
and ||38|| . Complete affine 3-manifolds are rather limited and classified (see 
Fried-Goldman J2T]). 

A form on an affine manifold is parallel if it is parallel with respect to the 
affine coordinate charts, i.e., its covariant derivative with respect to the affine 
connection is zero. An affine manifold admits a parallel volume form if and 
only if h(TTi(M)) lies in the group of equi-affine transformations, i.e., affine 
transformations with Jacobian identically 1. 

One of the conjectures in the study of affine manifolds is that of Markus |5B 



A closed affine manifold is complete if and only it admits a parallel volume 
form. 

The above conjecture is verified in cases when the holonomy group V is 
abelian, nilpotent, and solvable of rank < n by Smillie |46| , Fried, Goldman, 



Hirsch ||22|| , and [g^] and when Y is distal by Fried |20 |. 
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Carriere introduced a set of notions about holonomy groups |J. In this 
paper, we will use the word "shrinkable dimension" for the French "discom- 
pacite" formerly translated as discompactedness flOU - Given a group of affine 
transformations, the shrinkable dimension measures the maximal codimension 
of the degenerating limiting sequences of ellipsoids under the affine action of 
the group (see Section ^). That is, one measures the maximal "shrinking" 
dimension of ellipsoids under the group action (see Figure 1). 




FIGURE 1 . The shrinkable dimension: Linear maps $j mapping 
2-disks of radius e in the standard e-ball to ellipsoids. We are 
provided with a fixed Euclidean metric on R 3 . 

Let L : Aff(R") — > GL(n,R) denote the homomorphism taking the linear 
part of affine transformations. Carriere || proved that if the shrinkable di- 
mension of T, or sd(L(r)), for the holonomy group T is < 1, then M is affinely 
diffeomorphic to R n or a half space R™ , given by x\ > where x\ is an affine 
coordinate. If in addition L(T) is a subgroup of SL(n, R), then M is affinely 
diffeomorphic to R n . In particular, if L(T) lies in SO(n — 1, 1), then M is a 
complete affine manifold, which means that any closed flat Lorentzian manifold 
is complete. 

Since the conjecture of Markus is very difficult to attack, Carriere proposed 
a new set of conjectures that if the shrinkable dimension of T is < i for some 
some integer < i < n — 1, then 7Tj(M) is trivial for j > i 0. (See also || 
Section 3.3].) 

In this paper, we will prove a partial answer to the above conjecture as a 
corollary to our main Theorem [I]: 

Corollary 1. The universal cover of a closed affine three-manifold with holo- 
nomy group of shrinkable dimension less than or equal to 2 is diffeomorphic to 
\V. 



We need to introduce the powerful notion of the (projective) completion 
that is defined for incomplete geometric structures due to Kuiper |35[] (see 
Kamishima-Tan |32|). The affine space R n has a Euclidean metric fi and 
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the distance metric d induced from it; we choose such a metric standard with 
respect to an affine coordinate system. The developing map dev of M induces a 
Riemannian metric \x on M from the Euclidean metric of R n . (An arc is straight 
if it is a geodesic for /x.) \i induces a distance metric d on M. The completion 
M of M is obtained by Cauchy completing M with respect to d. The set = 
M — M is said to be the ideal set. M and are topologically independent of 
the choice of dev. The developing map dev and every deck transformation •& 
extends uniquely on M to a distance-nonincreasing map and a homeomorphism 
respectively. For convenience, the extended maps are denoted by the same 
symbols dev and i? respectively (see ||1 1|| ). 

An m-simplex in M is a compact m-ball A imbedded in M such that its 
manifold interior A° is included in M and dev|A is a (topological) imbedding 
onto a closed nondegenerate affine m-simplex in R n . We introduce the "key" 
definition given by Carriere || adopted in the language of completions. (For 
a definition of i-convexity for real projective manifolds, see |13| or 



Definition 1. We say that M is m-convex, < m < n, if the following con- 
dition holds: Whenever T C M is an (m + l)-simplex with sides F±, . . . , F m+2 
such that T° U F 2 U • • • U F m+2 does not meet Moo, then T does not meet 
and is a subset of M. 




Figure 2. An example of a tetrahedron T detecting not being 
2-convex in M: The gray area denotes and the dark area 
Moo n F° = Moo H T in Figures 2 and 3. 



Proposition 1. Let T be an affine (m+1)- simplex in R n with sides Fx, . . . , F m+2 . 
Every affine immersion ofT° U F 2 U ■ • • U F m+2 into M extends to one ofT if 
and only if M is m-convex. 

A heuristic idea of 2-convexity is as follows: Consider a closed room and 
remove from it all solid objects. Then the completion A of the remainder A is 
the union of A and the boundary points. Then A will be 2-convex if all solid 
objects do not have "corners" or convex points or points which we can touch 
by an interior of a side of a tetrahedron, which we move around. 



G 



SUHYOUNG CHOI 




Figure 3. The tetrahedron in (a) detects the failure of 2- 
convexity while one as in (b) does not. 

Any convex domain in R n is m- convex for every m, 

and the complement of disjoint lines in R n is 2-convex. However, the com- 
plement of a compact convex set in R n is not m-convex for any m. (See Section 
2 for explanations and more examples.) A last class of examples are given in 
Section 9 (see Theorem |3|) . 

The boundary 5M of an affine manifold M 3 has a concave point p if a 
convex open totally geodesic 2-disk meets 5M in a compact set containing p. 
A sufficient condition for SM to have no concave point is that each point of 5M 
has a neighborhood affinely diffeomorphic to a convex domain in R 3 or to a 
3-dimensional submanifold Q in R 3 with 5Q with principal curvatures of both 
signs when 5Q is considered as an isometrically imbedded two-dimensional 
submanifold of the Euclidean space R 3 . 

One can find (m+l)-simplices in M inside an affine coordinate neighborhood 
in M, and there are many more (m + l)-simplices in M (see Remark [1]). The 
following lemma gives us our principal criterion of m-convexity. 

Proposition 2. M is not m-convex if and only if there exists an (rn + 1)- 
simplex T with a side F\ such that T fl = F° n ^ 0. 

Proof. Suppose that every (m + l)-simplex T has the property that T do not 
meet M^; T fl is a subset of the union of two or more sides but not less 
than two sides; or if TflMoo is a subset of a side F, then .FnMoo is not a subset 
of F°. Then one see easily that the definition for m-convexity is satisfied by 
M. 

Conversely, if M is m-convex, and T is an (m + l)-simplex with sides 
Fi, . . . , F m+2 such that T° U F 2 U • • • U F m±2 C M, then T C M. Consequently, 
there is no (m + l)-simplex T with T n = F° n Moo ^ 0- □ 
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Clearly, M is m-convex if and only if any of the covers of M is m-convex. 
It is easy to see that 1-convexity is equivalent to convexity, and z-convexity 
implies j-convexity whenever % < j < n (see Section 2). 

Our main theorem is: 

Theorem 1. Let M be a two-convex affine three-manifold. Then M is diffeo- 
morphic to R 3 . 

Note above that M does not need to be a closed 3-manifold in the premise 
of the theorem: M could be an open, noncompact 3-manifold. 

Theorem 2. Let M be a closed n- dimensional affine manifold. If the holo- 
nomy group of M has shrinkable dimension less than or equal to d, then M is 
d-convex. 

The above theorem almost answers another conjecture of Carriere || Section 
3.3]. The proof is an essentially straightforward generalization of Carriere's 
argument with some modification involving the definition of shrinkable di- 
mension. (However, we feel that our definition is just as useful in application.) 

The above theorem combined with Theorem [I] implies Corollary [j]. 

The holonomy group of an affine three-manifold M with parallel volume 
form has shrinkable dimension less than or equal to 2 (see equation ^) so we 
obtain: 

Corollary 2. Let M be a closed affine three-manifold with parallel volume 
form. Then the universal cover of M is diffeomorphic to R 3 . 

Corollary 3. Let M be a closed n- dimensional affine manifold with holonomy 
of shrinkable dimension less than or equal to two (n > 4). Then the universal 
cover M is foliated by totally geodesic leaves which are diffeomorphic to R 3 /T 
for T depending on the leaves. 

Proof. Obviously M is foliated by 3-dimensional leaves which are defined by 
setting the first n — 3 coordinates of X; o dev, i = 1, . . . , n, equal to constants. 
Let I be a leaf. Then since M is 2-convex, / is a 2-convex affine 3-manifold by 
Proposition [TJ. Hence, the universal cover of I is diffeomorphic to R 3 and / is 
diffeomorphic to R 3 /T. □ 

We are curious how much the above tells you about the topology of M. In 
fact, we may choose any n — 3 coordinate directions to obtain the above result. 
Our conjecture is that the universal cover of M is diffeomorphic to R n . In 
particular, our conjecture implies that the universal cover of a closed affine 
4-manifold with parallel symplectic form is diffeomorphic to R 4 . 

As an application of Theorem [I], we see that the universal covers of the 
submanifolds listed in Proposition § are diffeomorphic to R 3 respectively. By 
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the result of Gromov ||26|| , any compact 3-manifold M with nonempty boundary 
admits an affine structure with trivial holonomy. We see that if M is reducible, 
then the boundary of M always has a concave point, and given any affine 
structure on a fake cell, the boundary of it always has a concave point. (Here 
is an example of geometry and topology interacting.) 

Lastly, we have the applications to singular hyperbolic manifolds. Singular 



hyperbolic manifolds with cone-type singularity will be defined in Section [10 
as was done by Thurston (see Hodgson pTf .) 



Theorem 3. Let M be a singular hyperbolic 3-manifold with cone-type singu- 
lar locus along a link L. Then the universal cover of M — L is diffeomorphic 
to R 3 . 



This is also implied by Theorem 1.2.1 of Kojima [34], which is a stronger 



result (see also Kojima ||33|| ) since he shows M — L is atoridal. 



We also make the following conjecture with a proof to be supplied shortly: 
Let M be a singular hyperbolic 3-manifold with cone-type singular locus along 
a graph K with cone-angle < 2n. Then the universal cover of M — K is 
diffeomorphic to R 3 . 

We think that this conjecture has some relation to a recent conjecture of 
Casson announced in the summer of 1998 at Tokyo Institute of Technology 
that the cone-angles of such manifolds can always be infinitesimally deformed. 

In this paper, we will prove Theorems 1, 2, and 3, as the other propositions 
were proved already in this introduction. 

In Section 1, we review materials on completions needed in this paper. In 
Section 2, we list examples on ci-convexity and discuss (i-convexity. We prove 
Propositions [I] and [| 

The purpose of Sections 3 to 7 is to prove Theorem [Tl Section 8 to prove 
Theorem ^] and Section 9 to prove Theorem |3|. For simplicity, we assume 
that M = M or M is simply connected from Sections 3 to 7, and we assume 
otherwise in Sections 1, 2, 8, and 9. 

Since M is simply connected in Sections 3 to 7, the developing map dev is 
defined on M itself. Let M have a coordinate function x\ given by composing 
the developing map dev : M — > R 3 to R 3 with an affine coordinate function 
x\ of R 3 . This determines level sets, which are open surfaces, in M with x|f 1 (t) 
denoted by M t . 

Our plan to prove Theorem |l] is to show geometric incompressibily, i.e. 
2-convexity, implies topological incompressibility of level sets. That is, 2- 
convexity implies that each component of the level set in M is incompressible. 
Since M is simply connected, each component is homeomorphic to a disk. A 



result of Palmeira ^3| says that a simply connected 3-manifold foliated by 
leaves diffeomorphic to R 2 is diffeomorphic to R 3 . Thus, we obtain our result 
that M is diffeomorphic to R 3 . To prove that each component surface F of a 
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level set is incompressible, we show that there are no compressing disks of F. 
An amenable disk is an embedded disk where the height function x\ is Morse. 
We deform any disk with boundary in F to an amenable disk and we cancel 
critical points to homotope it to an imbedded disk in F. This is accomplished 
by showing that 2-convexity implies the following properties: 

• A property associated with a 3-simplex in M (Section 3). 

• Filling of a drum with the bottom side removed (see Theorem [| in Section 
4). 

• Filling of an amenable disk with only one critical point and annuli with 
two critical points (Section 5). 

• A homotopy of an amenable disk with only three critical points into a 
disk in F (Section 6). 

• A homotopy of an amenable disk with arbitrarily many critical points 
into a disk in F (Section 7). 

• The incompressibility of each component of M t . 

We note that this method of Morse cancellation was already employed 



by Flyod-Hatcher |L9| in their work on punctured-torus bundles over circles. 
(Hatcher-Thurston |27|] shortly generalized this result to two-bridge knots.) 
Our method only differs from theirs slightly and we provide some detailed 
analysis steps missing from their work but needed in this paper (mainly in the 
Appendix). 

In Section 3, as a preliminary result, we show that given a 2-convex affine 
3-manifold M, if T C M is a 3-simplex with a side F\ meeting M^, then there 
is no exposed point of n F\ in F°. (Note that even when M is 2-convex a 
3-simplex may still meet in a side, but not in the interior of a side.) This 
will be used to prove that a solid-cylinder map / : Q x [a, b] — > M can only be 
a map into M. 



Figure 4. A figure of a drum 

Section 4 is on the filling of a drum: An embedding from a smooth manifold 
(perhaps with corners) to another smooth manifold is a topological imbedding, 
which is a restriction of a smooth immersion in some ambient manifolds. (The 
word "imbedding" will be reserved for topological imbeddings.) A drum with 
the bottom side removed is the union of an embedded image of a surface Q into 
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a level b and the image of embedding from Sfl x [a, b] to M mapping (x, t) into 
level t for each t 6 [a, b] which is transversal to the level sets. The following 
process describes the process of the filling of a drum with the bottom side 
removed. Let Q be the surface with smooth boundary in the plane R 2 . We 
show that if there is an embedding from 5Q x [a, b] to M preserving levels, that 
is, mapping (x, t) to a point of M t for each t 6 [a, b], and if the embedding 
restricted to 5fl x {b} extends to one from Q x {b} to M b , then the embedding 
extends to one from Q x [a, b] into M preserving levels. 

The proof that the filling of a drum is always possible uses the flow argument 
based on noticing the flow argument can be applied to ideal boundary in some 
limited sense. 

In Sections 5, 6, and 7, the result of Section 4 will be modified further to 
show that if an embedded disk D in M has the boundary in a level set M t , 
then the boundary bounds a disk in M t . Any embedding F of a surface Q 
into M where F(5Q) C M t for some t can be modified to a so-called amenable 
embedding F' : Q — > M of level t such that sci o F' is a Morse function and the 
boundary 8Q maps into M t . Our strategy is to reduce the number of critical 
points by cancellation. 

By a filling of an amenable imbedding F : Q — > M of level £, we mean the 
process of finding a subsurface fi' in M t and a 3-dimensional submanifold iV 
of M such that f2 and Q' meet in their common boundary and Q U Q' forms 
the boundary of N. Here Q' is unique due to Lemma |1| 

In Section 5, we show that given an amenable imbedding of a disk with 
one critical point, then the boundary bounds a disk in M t . Then we study 
amenable imbeddings of annuli with two critical points. We show that the 
amenable disk and annuli are tillable. 

In Section 6, we will show that given an amenable disk D of level t with 
three critical points, 5D bounds a disk in M t . This is the most technical part 
of the paper and the reason is that we want to cancel singularities without 
introducing new ones, and hence, we need to construct deformations carefully. 
However, the manner in which we do is entirely similar to what one would do 
in p.l. 3-manifold theory consisting of various disk moves and isotopies. 

In Section 7, we do an inductive argument by reducing the number of critical 
points of amenable disks, showing that given an amenable disk D of level 
t, 5D bounds a disk in M t . This result, the incompressible surface theory, 
and Corollary 3 of Palmeira |^3| shows that M is diffeomorphic to R 3 . This 
completes the proof of Theorem [I]. 

In Section 8, we discuss shrinkable dimension. We will give examples of 
shrinkable dimensions for some Lie groups. The basic idea behind this defi- 
nition is that along the direction of real maximal tori the affine action of the 
given Lie group can shrink and stretch indefinitely and in the other directions, 
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the Lie group action can do so only finitely. We now assume that M is a closed 
affine n-manifold. We give the proof of Theorem 0. The main idea is to follow 
Carriere's argument based on infinite rays. However, we need to perturb 
the (d + l)-simplices sometimes to control the size of the ideal set with rather 
involved argument. (We point out that Carriere's argument || does not carry 
out this step and hence we believe it contains a negligible gap, which we fill 
here.) 

In Section 9, we prove Theorem [3[ Since the universal cover (M — Ljhas a 
hyperbolic structure, (M — L)~ develops into the standard disk in RP 3 . Since 
the standard disk is in the affine patch of RP 3 , it follows that (M — Ljh&s 
an affine structure. The set of ideal points (M — L)^ consists of lines corre- 
sponding to L and points of the sphere of infinity S^,. A large part of Section 
9 is devoted to proving that (M — LJ is 2-convex. By Theorem [l], we obtain 
Theorem |3|. 

In the appendix, we prove technical Lemma [8] needed in Section |7]. That 
is, we show that there exists a suitable coordinate system on a connected 
neighborhood including a saddle and a relative maximum point so that our 
Morse function takes an integral form. 
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1. Properties of Completions 



In this section, we will capture the necessary facts about the completions 
due to Kuiper 



35 



needed in this paper. Let M be an affine n-manifold, 
which is not necessarily simply connected. Proposition |5] shows that we can 
tell precisely about how two balls meet in M by looking at the way that their 
developed images meet. Remark [l] is used in many occasions in this paper. 
The two are basic tools of this paper and other papers (see [pl[] , [|T2] , JL3], and 
0). 

Associated with an affine structure on an n-manifold M, there is a develop- 
ment pair (dev, h) where dev : M — > R n is an immersion and h : tti(M) — > 
Aff(R n ) is a homomorphism such that h(d) o dev = dev o {} for d G tti(M). 
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dev is obtained by an analytic continuation of charts of M. Given every other 
such pair (dev', h!) for the given affine structure on M, we have 

(dev', ti{-)) = {if o dev, up o h(-) o up' 1 ) for up G Aff (R n ). 

The holonomy group is the image of a holonomy homomorphism. The pair 
(dev, h) determines the affine structure on M. 

A convex subset of M is a subset A such that every two points of A can be 
connected by a segment in A. Obviously, if A is a convex subset of M, then 
dev | A is an isometry with respect to the metrics both denoted by d on M and 
R n . Hence, dev|A is a imbedding onto a convex subset of R n . 

Proposition 3. Let A be a convex subset of M . Then for the closure C1(A) 
of A in M dev|Cl(A) is an imbedding onto a closed convex set Cl(dev(A)). 
Moreover, if A is d-bounded, then G\{A) is a d-bounded compact subset of M. 

Proof. The map dev|Cl(A) is a d-isometry. The lemma follows. □ 

A tame subset of M is a compact ball A imbedded in M such that dev|A 
is an imbedding onto a convex subset of R™ and A° C M. For example, a 
simplex is tame. 

Proposition 4. The closure of a d-bounded convex subset of M is a tame 
subset of M . Conversely, the interior of a tame subset is a convex subset of 
M. 

Definition 2. A k-ball in M is a subspace homeomorphic to a fc-ball such 
that its interior is a subset of M and dev|A is an imbedding onto a /c-ball in 
a /c-dimensional affine subspace P k of R n . 

Proposition 5. Let A be a k-ball in M, and B and l-ball. Suppose that A° n 
B° 7^ 0, dev(A) fl dev(_B) is a compact manifold in R n with interior equal 
to dev(A)° fl dev(_B)°, and dev(A)° fl dev(B)° is arcwise- connected. Then 
dev\A U B is a homeomorphism onto dev(A) U dev(£>). 

Proof. First, we prove injectivity: Let x G A, y G B , and z G A°r\B°. Suppose 
that dev(x) = dev(y). There is a path 7 in dev (A) fl dev (B) from dev(z) 
to dev(x) such that 7|[0, 1) maps into dev(A)° fl dev(B)°. Since dev|A is an 
imbedding onto dev (A), there is a lift 7^ of 7 into A° from 2 to x. Similarly, 
there is a lift 75 of 7 into 5° from z to y. Note that 7a|[0, 1) agrees with 
7b I [0, 1) by the uniqueness of lifts of arcs for immersions. Thus, x = y since 
M is a complete metric space. 

By injectivity, there is a well-defined inverse function / to dev|A U B. f 
restricted to dev(A) equals the inverse map of dev|A, and / restricted to 
dev(B) the inverse map of dev|_B. Since both inverse maps are continuous, 
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and dev(A) and dev(£>) are closed, / is continuous. (See also Proposition 
1.3.1 in |].) □ 

Proposition 6. Let {Ki} be a sequence of uniformly d-bounded tame subsets 
of M where C K i+ i for each i, i = 1, 2, . . . . Then the closure K' of[j°l 1 Ki 
is a tame subset of M, and dev(K') equals the closure of\J^ x dev(Ki). 

Proof. Straightforward. □ 



Remark 1. We use the above proposition in the following form: (See Carriere 
|| Section 3] also.) Let T' be an affine m-simplex in R n and x a point of M 
such that dev(x) is a point of ST'. Let T[ denote the image of T' under the 
action of dilatation with center dev(x) by a factor t, < t < 1. Let A be the 
subset of (0, 1] such that for t G A there exists a tame set T t in M such that 
x G 5T t and dev(T 4 ) = T' t . Then we can show 

(a) A includes (0, e) for a small positive number e. 

(b) T t C T t i if t < t', t, t! G A, and for each t, T t is unique. 

(c) A is an open subset of (0, 1]. 

(d) A is of form (0, r) for a positive number r or equals (0, 1]. 

(e) The closure Ta of UteA Tt is a tame set such that dev|TA is an imbedding 
onto the closure of Ujga ^t' • Thus T4 is an m-simplex in M (however, not 
in M in general). 

Proof, (a) For a coordinate neighborhood U of x, dev|?7 is a coordinate chart 
of x. Assume for convenience, that dev(U) is a convex open ball. Hence for e 
small enough, there exists T t in U for t < e. 

(b) Since each T t contains x in ST t , T t includes for small enough k so that 
J*. C £7. This follows since the maximal totally geodesic connected submanifold 
including T t or T k is determined by its tangent space at x. Hence, T t and 
T t i includes for k < e,t, t'. By Proposition [|, this means T t C T t / since 
dev(Tf) C dev(T^). The uniqueness follows from this statement. 

(c) Since T t is a compact subset of M, and dev|T t is an imbedding, there 
exists a compact neighborhood U of T t such that dev|?7 is an imbedding to 
its image. Hence, for if sufficiently near t, U includes T t >, and if G A. 

(d) A is connected since T t C T t i if t < t' for t, t' G A. Thus (d) follows from 
(a) and (c). 

(e) follows from Proposition |6]. □ 

2. rf-coNVEXiTY: Examples 

We start this section by showing that 1-convexity is equivalent to convexity. 
Next, we give some examples of m-convex manifolds and prove Propositions [7] 
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H We also prove Proposition [I] from the introduction. Lastly, we show that 
z-convexity implies j'-convexity if j > i. 

The affine manifold M is said to be convex if its universal cover M is a 
convex set. The following proposition was proved by Carriere (see 0). We 
give a brief proof based on our definition of 1-convexity. 

Proposition 7. The following statements are equivalent. 

(1) M is 1-convex. 

(2) M is convex. 

(3) M is affinely diffeomorphic to Q/T where Q is a convex domain in R™ 
and r is a group of affine transformations acting on Q freely and properly 
dis continuously . 

Proof. We show that (1) implies (2). Suppose we are given two segments s± 
and s 2 in M with endpoints x and y of s± and z and t of s 2 . Suppose t = y and 
Si and S2 is in general position. We will show that there exists a segment in M 
with endpoints x and z. Let us give affine parameters fi and / 2 : [0, 1] — > M to 
si and s 2 respectively so that /i(0) = y, / 2 (0) = y, /i(l) = x, and / 2 (1) = 2. 
For t G (0, 1], define T t be the triangle in M with vertices fiit), and ?/ if 
it exists. By Remark [l], we see that A is of form (0, r) for r > or equal (0, 1]. 

Suppose A of form (0, r). The closure X" of UteA^t ^ s a triangle in M. 
Since the two edges of T' are subset of s\ and s 2 , they do not meet Moo. Since 
M is 1-convex, this means T' C M and r G A. This is a contradiction, and 
A=(0,1]. 

This means that M includes a triangle T with vertices x, y, z, and x and z 
is connected by a segment. 

Let x and |/ be arbitrary points of M. Then x and y are connected by a 
broken geodesic. The above result tells you that we can find a broken geodesic 
with less number of segments than our initial choice. An induction shows that 
x and y are connected by a segment. 

(2) Since M is a tame set, dev|M — > dev(M) is an imbedding, and hence 
(3) follows. 

That (3) implies (1) follows from the fact that M is affinely diffeomorphic 
to a convex domain in R n . □ 

We will give some examples illustrating m-convexity. Initial examples are 
affine manifolds whose developing maps are imbeddings. 

A convex domain is easily seen to be i-convex for each i since the convex 
hull of any finite set of points of the domain is still in the domain. By the 
above proposition, every convex affine manifold M is z-convex for every i since 
M is affinely diffeomorphic to a convex domain in R n . 

Let Xi,x 2 , and x 3 denote the standard coordinates of R 3 . Remove from 
R 3 the set given by X\ > 0,a; 2 > 0,0:3 > 0. Then the remainder is an affine 
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manifold M which is simply connected. Clearly, M = M and M can be 
identified with R 3 removed with the set given by X\ > 0,X2 > 0,x^ > 0. 
Then M is not 2-convex, since the 3-simplex given by Xx,X2,Xa > —1 and 
3^1 + ^2 + ^3 < in M has unique side whose interior intersects = M — M 
(see Proposition |] and Figure §). 

Remove from R 3 the set given by x\ > 0, X2 > 0. Then the remaining affine 
manifold M is simply connected and M = M and M can be identified with 
R 3 removed with the set given by x\ > 0,X2 > 0. Here equals the union 
of the set given by X\ = and x 2 > and the set given by x 2 = and X\ > 0. 
Then M is 2-convex since given any 3-simplex T in R 3 meeting in the 
interior of a side T° or the boundary of F\ meets Moo- M is not 1-convex 
since there exists a 2-simplex F in M with an edge e intersecting the line given 
by x\ = X2 = in a point of e° and F meets exactly at this point only. 

A wedge in R 3 is a convex set given by inequalities h(x) > C\ and h(x) > C2 
for affine functions l\ and 1% and constants c\ and c 2 , where l\(x) = c\ and 
I2 = C2 define distinct planes respectively. If we remove from R 3 a collection of 
disjoint wedges, it follows easily that the remaining affine manifold is 2-convex. 

A convex cone in the affine space R 3 is a convex domain Q with a distin- 
guished point p such that every point of Q other than p has an infinite ray in Q 
from p passing through it. A proper convex cone is a cone that has no complete 
affine line in it. If we remove from R 3 , a collection of disjoint properly convex 
cones, the remaining affine manifold is not 2-convex. 

Another example is an affine manifold in R 3 given by x\—x\—x\ < —1. This 
is 2-convex but not 1-convex. The affine manifold given by x\ — x\ — x\ > 1 is 
1-convex and 2-convex. 

Lastly, we mention that given a closed real projective surface £ of negative 
Euler characteristic, a trivial circle bundle M over S carries an affine structure 
by Benzecri suspension (see ||, [§], and pE6|). If £ is not convex, then M is 
not convex but 2-convex. We omit the simple proof of this fact. 

We prove Proposition |1|: Suppose that M is not m-convex, and let p : M — > 
M denote the universal covering map. Then there exists an (m + l)-simplex 
T in M such that T R = F° n ^ for a side Fx of T. Since T 
is an (m + l)-simplex, dev|T is an imbedding onto dev(T) and dev(T) is 
an (m + l)-simplex in R n . Let / be the map (dev|dev(T)) _1 restricted to 
dev(T°) U dev(F 2 ) U dev(F 3 ) ■ ■ ■ U dev(F m+2 ). / is an affine immersion to M. 
It is easy to see that / does not extend to all of dev(T). Hence, p o f is an 
affine immersion which does not extend to dev(T). 

Suppose that M is m-convex. Let dev : M — > R n be the developing map. 
Let / : T° U F2 U • • • U F m+ 2 be an affine immersion into M where T is an 
m-simplex with sides Fx, . . . , F m+ 2 in R n . Let / be the lift of / to M. Then 
devo/ is also an affine map from T°UF 2 U- • - UF m+ 2 into R n . Since the rank of 
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the map dev o / is maximal, the map extends to a global affine transformation 
on R™, and dev o / is an imbedding. Hence, dev|/(T°) is an imbedding 
onto an open m-simplex dev o f(T°) in R ra . Since f(T°) is a convex subset 
of M, the closure T' of f(T°) is a tame subset of M such that dev|T' is an 
imbedding onto C\(f(T°)) by Proposition |j. Since T' is an m-simplex with 
sides f(F 2 ), . . . J(F m+2 ) and a remaining side F{; f(T°) and f{F 2 ),. . . f{F m+2 ) 
are subsets of M; and M is m-convex, we have T' C M. Clearly, / extends to 
an affine embedding /' : T — > T", and p o f extends /. □ 

Proposition 8. (a) Let Q be a convex open domain in R 3 . Then Q removed 
with the closed set that is the union of complete lines (not necessarily 
finitely many) is 2-convex. 

(b) The interior of a closed ^-dimensional submanifold M o/R 3 with smooth 
boundary without a concave point is 1-convex. 

(c) The interior of a compact affine manifold M with trivial holonomy and 
smooth boundary without a concave point is 2-convex. 

Proof, (a) Let Q' be the convex domain Q in R 3 removed with the closed set 
that is the union of a collection of complete lines. Let T be an affine 3-simplex 
with sides Fx,F 2 ,Fs, and F4 and an affine immersion / : T° U F 2 U F3 U F4 
into Q'. Since the rank of the affine map / is maximal, / is an imbedding and 
the image equals T'° U F' 2 U F$ U F^ for an affine 3-simplex T' in R 3 with sides 
F{, F 2 , F$, -F4. Since the vertices of T' are in Q, T' is a subset of fl. 

Suppose that T' is not a subset of 0! . Since h&Q! is the union of a sphere 
bdf2 and the union of removed lines, if T' meets bdO', then T' meets bdf2 or 
a line I. Since Q is convex and vertices of T' are in Q, T' do not meet bdfi. 
Thus T' meets /, one of the removed lines; more precisely, F{° meets I. I meets 
F{° tangentially since otherwise / meets T'°, which is a contradiction. Since I 
has endpoints in bdQ, I must meet the boundary of the 2-simplex Fx, which 
is compact in the open set fl. But since 8F\ is a subset of F 2 U F 3 U F 4 , this is 
absurd. Therefore, T' C Q' and / extends to an affine embedding /' : T — > T' . 
By Proposition |l], Q' is 2-convex. 

To prove (b), it is sufficient to prove (c). Let M be a compact affine manifold 
with smooth boundary and trivial holonomy. We assume that 5M has no 
concave point. Since the holonomy of M is trivial, the developing map dev : 
M — > R 3 factors into the composition of the covering map p : M — » M and 
dev' : M — > R 3 . Thus the induced metric d on M agrees with that induced 
from the metric d' on M where d' is induced from R 3 by dev'. Since M is 
compact, d' is complete, and so is d on M. Thus, the d-completion of the 
universal cover M° of M° can be identified with M, and with 5M. 

If M° is not 2-convex, then by Proposition^ there exists a 3-simplex T in 
M° with sides F u F 2 , F 3 , F 4 such that T fl SM — F° D 5M ^ 0. Let x be a 
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point of F° n SM. Let N be an open ball-neighborhood of x in M such that 
p\N is a diffeomorphism onto p(N) a neighborhood of p in N. Then the open 
surface p(F° fl iV) shows that p(x) is a concave point of 5M. Since this is a 
contradiction, M is 2-convex. □ 

Remark 2. If an affine manifold M is i-convex, then it is j-convex for each j, 
J > i- 

Proof. Let M be z-convex with i < n—2. We will now show M is (i + l)-convex. 
The rest follows by induction. 

Let T be an (i+2)-simplex in M with sides F\, . . . F i+3 , and assume F 2 , . . . , F i+3 
and T° do not meet M^. T can be considered the union of (i + l)-simplices 
S t for t G [0, 1] with common side G 2 equal to F 2 fl F 3 . In fact, we let S t to be 
the convex hull of tv 2 + (1 — t)t>3 and G 2 - Each S t has sides G^, . . . G* +2 such 
that G\ = G 2 and G\ is a subset of F\ and for < t < 1, the interior of is 
a subset of F°. Since G 2 , . . . , G\ +2 are respectively subsets of F 2 U • • • U 
it follows that G 2 , . . . , G* +2 does not meet Mqo- Since M is z-convex, it follows 
that S't are all subsets of M and so is T. Hence M is (i + l)-convex. By 
induction the rest follows. □ 

3. Tetrahedral convexity and solid-cylinder convexity 

As we said above, from Sections 3 to 7 we assume that our affine 3-manifold 
is simply connected. We have M = M in this case. The purpose of this section 
is to show that two-convexity implies "tetrahedral two-convexity" , Proposition 
^ and further "solid-cylinder two-convexity" , Theorem [|. This theorem will 
be used to prove the filling of a drum with the bottom side removed in the 
next section. 

A point x of a convex subset A of R n is said to be exposed if there exists 
a supporting affine hyperplane H at x such that H D A = {x} (see Berger 
p. 361]). Compare the following proposition to Proposition ^ Although there 
is no three-simplex with the interior of a side meeting the ideal set and 
meeting only there, there could still be a three-simplex meeting M m at a 
side. 

Proposition 9. Let M be a two-convex closed affine three-manifold which is 
simply connected. Let T be a convex compact three-simplex in M , F\ a side 
ofT such that T fl — Fid ^ 0, and P the affine two-space including 
dev(-Fi). Then the convex hull K of dev(Fi flMoo) in P has no exposed point 
belonging to dev(-Ff). 

Proof. Suppose not. Let x' be an exposed point of K belonging to dev(F°), 
and H the supporting line in P such that H fl K = {x'}. It is clear that x' is 
an element of dev(Fi fl M^). Let s' be the segment 5H fl dev(Fi), and s the 
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inverse image in F\ of s' under dev|.F\; let x be the point of s corresponding 
to x' . Then s — {x} C M, and x G M^. A component of dev(Fi) — s' 
is disjoint from K. Let a be the closure of the corresponding component of 
8F\ — s disjoint from fl F%. Since a is a compact arc disjoint from M^, 
there exists a compact three-ball neighborhood U of a in M. By Proposition 
[j[ we may assume without loss of generality that dev|T U U is an imbedding 
onto a compact subset of R 3 . We may choose U so that dev(W) is a compact 
neighborhood of dev(a) consisting of points of d-distance from dev(a) less 
than or equal to e for some small positive constant e. 

Let v[ be the vertex of dev(T) opposite to dev(Fi), and T 1 a convex three- 
simplex in R 3 with vertex v[ satisfying the following condition: 

• The triangle in the unit tangent bundle at v [ determined by T' matches 
with that determined by dev(T). 

• F[ fl dev(i*i) = dev(s) where F[ is the side of T" opposite to v[. 

• ST'-F[° c dev(TUW). 

Let T[ for t G (0, 1] be the convex 3-simplex that is the image of T 1 under 
the dilatation with center v[ by the magnification factor t. Let v\ be the vertex 
of T corresponding to v[, and consider the subset A of (0, 1] whose element t is 
such that M includes a convex three-simplex T t such that 8T t contains v\ and 
dev|T t is an imbedding onto T' t . By Remark |I|, A is of form (0, r) or (0, 1]. 

Suppose that A is of form (0, r). By Remark [I], there exists a compact convex 
three-ball T T in M such that dev|T r is an imbedding onto T' T and T° C M. 

The third condition above states that there exists a compact subset D of 
TUW such that dev(D) equals ST' — F[°. There exists a compact subset D T 
of T T , such that dev|D T is an imbedding onto ST' T — F'° where F'° is a side 
of T; opposite to v[. We have dev(£> T ) C dev(D). Since dev|T U U U T T 
is an imbedding by Proposition ||] (up to choosing U carefully), we obtain 
D T C D C M. Hence, T T fl is included in the interior of the side of T T 
corresponding to F' T . By definition of two- convexity, it follows that T T C M 
and t G A, a contradiction. 

Suppose now A = (0,1]. Then M includes a three-simplex T\ such that 
dev|T! is an imbedding onto T' . By Proposition |j, dev|TUT! is an imbedding 
onto dev(T) U dev(Xi). As dev(s) is a subset of T', we obtain s C T x C M; 
however, this contradicts a; G M^. □ 

Remark 3. We will meet this type of changing the direction or tilting of a side 
again in Section 8. 

Let (dev, h) be a development pair of M. We have affine coordinate func- 
tions xi, X2, Xz '■ R 3 — > R- For convenience, we let Xj denote the map Xj o dev 
defined on M for each i, i = 1,2,3. Let M t denote x^it) fl M, which is a 
closed subset of M. 
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Lemma 1. For each t, t G R, each component of M t is a properly imbedded 
open surface or an empty set. In particular, the union of a collection of disjoint 
simple closed curves in M t forms the boundary of at most one subsurface of 
M t . 

Proof. Since M is without boundary, M t is also without boundary. Let U be 
a component of M t . Since dev|?7 is an immersion onto an open subset of an 
affine hyperplane of R 3 , U is not compact. Hence, U is an open surface. The 
conclusion follows. □ 

We now define solid-cylinder maps: Given an embedded compact surface Q 
in the plane R 2 with smooth boundary and the interval [a, b] of R for a, b G R, 
a < b, think of Q x [a, b] as sitting in the Euclidean space R 2 x R. A continuous 
map / : Q x [a, b] — > M is called a solid- cylinder map if / satisfies the following 
conditions: 

(i) f\Q x [a, b) is an injective map into M. 

(ii) dev o f\Q x [a,b] is a C 1 -immersion. 

(iii) X\ o dev o f\Q x {t} is a constant map with value t for each t, t G [a, 6]. 

(iv) f\5Q x [a, 6] is an embedding into M. 

In particular, f\Qx {t} is an embedding into M t for each t, t G [a, 6). We will 
often call M t and fi x {£} t-level sets. Thus, / preserves levels. 

A priori, f(Q x {6}) may intersect M^. We will show that this does not 
happen while M is 2-convex. 

Lemma 2. Let f : x [a, b] — > M &e a solid- cylinder map. For every point 
x of Q° x {6}, i/iere exists a compact neighborhood V such that f\V is an 
imbedding onto a three-simplex T in M with a side Fi such that T — F\ C M, 
f(x) G Ff, and xi o dev(Fi) = {6}. 

Proof. The conditions (ii) and (iii) show that devo/ is an immersion of fix [a, 6] 
into the half space H of R 3 given by x\ < b while dev o f(il x {6}) is the 
subset of the boundary 5H, which is an affine hyperplane of R 3 . Thus, Q x [a, b] 
includes a compact neighborhood V of x so that dev o f\V is an imbedding 
onto a three-simplex T" with a side F[ C SH. Since T" is a neighborhood of 
dev o f(x) in H, we have dev o f(x) G Ff. Let T = /(y). Then dev|T is an 
imbedding onto T', and the lemma follows. □ 

Theorem 4. Suppose that M is a 2-convex affine 3-manifold which is simply 
connected. If f is a solid-cylinder map, then f is a map into M. 

Proof. By condition (i), f\Q x {6} is a map into M. Define K = (f\Qx 
(6})~ 1 (M 00 ). By condition (iv), K is a compact subset of Vt° x {6}. Suppose 
that K is not empty. Let r be the function on R 3 defined by r = x\ + x\ . Let 
r' = r o dev o /, and choose a maximum point x of r' restricted to K. By 
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above lemma, M includes a convex three-simplex T with a side F\ such that 
f(x) G F° and T - F 1 C M. 

Since F x C /(fi x {b}), we have nFi C f(K); hence, n F 1 = 
f(K) H i 7 !. Then devo f[x) is an exposed point of the convex hull of dev(.F\ n 
f{K)) D dev(FinMoo) since a; is a maximum point of r' in K. This contradicts 
Proposition ||. Hence, .fT is empty. □ 

4. Filling in a drum with the bottom side removed 

The purpose of this section is to prove the strongest form of two convexity 
that we can always fill in the drum with a bottom side removed. Let 5Q be the 
boundary of a compact surface Q, which is a union of disjoint simple closed 
curves. 

Theorem 5. Let M be a 2-convex affine 3-manifold which is simply connected. 
Let f : 5Q x [a,b] — > M be a differentiable map satisfying the following condi- 
tions : 

(i) f\5Q x {t} is an embedding into a union of disjoint simple closed curves 
in M t for each t. 

(ii) f\SQ x [a, b] is transversal to each level set. 

(iii) f\5Q x {a} extends to an embedding f':Qx {a} — > M&. 

Then f and f extend to a common solid- cylinder embedding T from Q x [a, b] 
to M. 

The pair of maps / and /' satisfying (i), (ii), and (iii) or the union of their 
images are said to be a drum with the top side removed. 

Actually the way we will use this theorem is that a in (iii) will be replaced 
by b. In this case the pair / and /' is said to be a drum with the bottom side 
removed. Hence, we use this theorem with the direction of "filling" reversed. 

By the above theorem, there exists a surface Q' C M a such that Q! is diffeo- 
morphic to Q, and Q f U Imf U Imf forms the boundary of x [a, b}). 

It is sufficient to prove the above theorem when a = and b > 0. 

The plan to prove this theorem is as follows: 

• We define a flow, defined on M only partially and not complete, which 
induces the movement of f(5fl,t) and sends level sets to level sets as t 
increases from to b. 

• This flow will be used to define a level-preserving embedding from Q x 
[0, r) to M extending /' and / where r, < r < b, denotes the level at 
which we cannot extend the flow. 

• Using flow estimates with respect to d on M, we show that the above 
map extends to a continuous map F : Q x [0, r] — > M. 

• By showing dev of is C 1 , we prove that F is a solid-cylinder map. 

• Using Theorem ^, we show F is a map into M and conclude that r — b. 
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Recall that \x is the Euclidean metric on M induced by dev, and M has 
standard coordinates X\,X2, and x%. During the proof of the above theorem, 
we will state everything with respect to this Riemannian metric and the coor- 
dinates. 

We first need a vector field for our flow. The image of / is the union of 
disjoint embedded annuli in M. Let us call it E. For each point (x, s) of 
5Q x {s}, the derivative f(x, s) of f(x, s) with respect to s yields a vector w at 
f(x, s) tangent to E. This defines a smooth tangent vector field w to E. Let 
w p be the component vector field of w orthogonal to the Xi-direction. Since 
w p is a smooth vector field, we can find a smooth vector field v p extending 
w p defined on a neighborhood U of E and orthogonal to the xi-direction. 

Let be a smooth function which has compact support in U, has its range of 
values lying between and 1, and is equal to 1 on E. Then 0v p is regarded as a 
smooth vector field defined on M orthogonal to the Xi-direction. Since is not 
zero only in a compact subset, the derivatives of of each order are uniformly 
bounded in M by a constant depending only on the order. Similarly, those 
of v p of each order are uniformly bounded in the support of by a constant 
depending only on the order. Hence, those of 0v p of each order are uniformly 
bounded above in M by constants depending only on the order. 

Let e\ denote the vector field on M in the Xi-direction with norm 1, and 
W the vector field 0v p + e\. Then W extends w and is a smooth vector field 
such that the norms of itself and its derivatives of order less than or equal to 
two are bounded above by a uniform constant c^. 

Let O denote /'(Q x {0}), and $ t the flow generated by W where <3> equals 
the identity map of M. Let us denote by A the set of elements t of [0, b] such 
that <&t(x) is defined for every x G Oq. Since Oq is compact, A is open. 

If $ t (x) is defined, then &t'( x ) is defined for < t' < t. Thus, A is a 
connected subset. 

Now, we prove that A is closed. Suppose not. Then A = [0, r) for some 
t G [0, b\. Let t G [0, r). Since the xi-component of W equals 1 identically, and 
W extends w, it follows that $t(Co) is a compact surface in M t with boundary 
equal to the union of disjoint smoothly imbedded closed curves $ t (<5(9o), which 
equals f(5£l x {t}). Let O t denote this surface and C[o,e] the union of O t for 
t G [0, e], where e is a small positive number so that e < r. 

We define an injective immersion F T : Q x [0, r) — > M by F T (x,s) = 
0)) for x G n and s G [0,r). Then F T \Q x [0,t] for each t, < t < t, 
is a solid-cylinder embedding extending /' and f\5Q x [0,t] simultaneously. 

From the definition of F T , we obtain for t, s, < t + s < r, t, s > 0, and 
every x G Q, 



F T oT s (x,t) = $ s oF T (x,t) 
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where T s is a translation by a vector (0, s) in R 3 . While t G [0, e] for any 
positive number e such that e < r, s may take any value in [0, r — e) for the 
above equation to make sense. Thus, for s G [0, r — e), the following diagram 
of diffeomorphisms is commutative: 



Ft 



F T 



* °[0,e] 






^ Ok 


s+e 



ft x [0, e] 
ft x [s, s + e] 

Since the differential of W is bounded with respect to /i, Lemma 3 |], p. 63] 
implies that 

d($ s (*),$ s (y))<e^'d(x,y) 

for every s G [0, r), x, y G Oo, an d a constant K independent of s. Then we 
have 

d(F T (x, s), F T (y, s)) < e K ^d(f'^, 0), f'{y, 0)) 
for every x, y G ft and s, < s < r. If the second d below denotes the 
standard Euclidean distance metric on ft x [0,6], we have for every x, y G ft 
and an independent positive constant R' 

d(F T (x, s), F T (y } a)) < R'd((x, s), (y, s)). (2) 

It is easy to show that the following inequality holds if (y, s) is replaced by 
(y, s') for s' G [0, r) and R' is replaced by another independent positive con- 
stant R: 

d(F T (x, s), F T (y, s')) < Rd((x, s), (y, a')). (3) 

Since M is complete, F T extends to a continuous map F : ft x [0, r] — > M. 
Therefore, 

$ s (x) = FoT s oF-\x) (4) 

is well-defined with range in M for x G O[o, e ],s G [0, r — e]. Moreover, since 
T s — > T T - e pointwise as s — * r — e, it follows that $ s |O[ 0)e ] converges to ^r-c 
pointwise as s — ► r — e. 

VFe claim that dev o F is a C l -immersion. Let Z^$ s (x) for x and in 
the image of _F T denote the 3 x 3-matrix of the differential T X (M) — > T$r x -\(M) 
of $ s at x, and DW(x) that of the differential T X (M) -> T X (M) of IV at 
x. (Recall the global coordinates Xi,x 2 ,x 3 introduced earlier in this section.) 
Then 

^-D$ s (x) = DW($ s (x))D<f> s (x) (5) 
as 

for x G C[o,e] and < s < t — e (see Lemma 4 of [|l], p. 64]). Since the norms of 
DW and D 2 W are uniformly bounded above by and $o is the identity map, 
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Figure 5. The flow picture 

then the proof of Lemma 4 of p. 65] shows that the family of 3 x 3-matrix- 
valued functions D0> s \O[q^ for s G [0, r — e) and that of 9 x 3-matrix- valued 
functions D 2 & s \0[ Qie ] for s G [0, r — e) are respectively uniformly bounded. 
Hence, the family of 3 x 3-matrix- valued-functions DQ s \0\o te \ for s G [0, r — e) 
forms a bounded, equicontinuous family of functions. (We benefited from a 
conversation with D.-H. Chae who works in Navier-Stokes equations). 

Since dev preserves coordinates Xi,x 2 , and x 3 , Ddev o $ s |0[ O)e ] equals 
Z}$ s |(9[o i<E ] as matrix- valued functions, and Z) 2 devo$ s |0[o >e ] equals D 2 ^ s \O[ ^. 



By the Ascoli-Arzela theorem (see [51, p. 85]), choose a subsequence $ s . such 



that {sj} — > r — e and .Ddev o $ s |0[o ie ] converges uniformly to a continuous 
3 x 3- matrix- valued function T defined on 0\qa. 

Since dev o $ s |C[o, e ] converges pointwise to devo$ r _ e |O[0, e ], Theorem 7.17 
[45] , p. 152] (a standard fact) implies that dev o $ T _ e |C[ 0ie ] is continuously 
differentiable with Ddev o $ r _ e |O[ 0j(: ] = T. 

We obtain the following equation from equation [5] by taking determinant of 
the both sides 

4- det D$Jx) = det DW($ a (x)) det D$ s (x) 
ds 

If the initial value /(0) of an ordinary differential equation 4-f = gf for real 
valued solution / is positive, then the solution is positive always, as it can be 
seen from the solution 

s 



f(s)=exp[ gds]f(0) 
Jo 

Since det-D$ = 1, T has values in nonsingular 3 x 3-matrices. 
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By equation [|, the following diagram is commutative: 

fix[0,e] [QA 



(6) 



n x [r - e, r] — M. 



Thus, 

dev o F|fi x [r - e, r] = (dev o $ r _ e ) o F T o T^Jfi x [r - e, r]. 

Since Fdev o $ r _ e = T, it follows that dev o F\Q x [r — e, r] is of class C 1 , 
and so is dev o F on Q x [0, r]. Moreover, since T has values in nonsingular 
matrices, dev o F\Q x [r — e, r] is an immersion. Since F extends F T , and F r 
is an immersion into M, dev o F is an immersion, and F : fi x [0, b] — > M is 
a solid-cylinder map. 

By Theorem F is a map into M. Hence, our vector field W is defined on a 
compact neighborhood of the image of F in M. Recall that F T : Q x [0, r) — > M 
is given by F T (x, s) = $ s (/'(x, 0)). One defines $ T (f'(x, 0)) by letting it equal 
to F(x,t). Then $ r is clearly a flow generated by W, and r belongs to our 
set A. This is a contradiction. Therefore, A is closed and A = [0,b]. 

Define J 7 : Q x [0, 6] -> M by ^(s, s) = & a (f'(x, 0)) for s G [0, 6]. Then T 
satisfies the conclusion of Theorem ||. 



5. Filling a Disk with One Critical Point and an Annulus with 

Two Critical Points 

Let Q be a compact surface. Suppose that F : Q — > M is a smooth embed- 
ding with the property that F(SQ) is a subset of M t for some t G R, xi o F 
is a Morse function with k critical values, and t not a critical value. Then F 
is said to be an amenable embedding of level t with critical values. We say 
that the image of F is an amenable surface, and if X\ o F increases in the inner 
direction on <5f2, then F is a positive amenable embedding; otherwise, F is a 
negative amenable embedding. 

The purpose of this section is to fill in an amenable disk with one critical 
point and an amenable annulus with two critical points. From the following 
Proposition [IT] these have the smallest number of critical points in their re- 
spective homeomorphism classes. The filling of the disk follows from the drum 
filling that we obtained above. The proof of the filling of annulus is as follows: 
The idea is to cut off the surface into two parts at the level k just above the 
level of the saddle point, where the higher one has the unique maximum point 
and the lower one has the saddle point. The higher surface is homeomorphic 
to a disk and we can use the filling of the disk. The lower surface is home- 
omorphic to a pair of pants with two boundary components at a lower level 
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and one at the level just above the level of the saddle. The lower surface is 
cut and pasted near the saddle into the union of two annuli by finding two 
disks in a small neighborhood of the saddle in M. Since the higher surface is 
filled, Mk include a disk D with which the higher surface bound a 3-ball. D is 
then altered according to the surgery so that D together with the two annuli 
form a drum with the bottom side removed. The top side may consist of the 
union of two disjoint disks or an annulus. We then fill in the drum and take 
the union with the ball filling the higher disk from which we add or subtract 
to fit in the original surface. Depending on whether the top side is the union 
of two disjoint disks or an annulus, the result is a 3-ball or a solid torus. (The 
both processes are described in Figure |TJ.) 

The level sets of X\ o F form a singular foliation on Q with components of 
Sfl as leaves. Let us call the foliation the level-set foliation on Q for F. For 
such foliations indices of singularities are well-defined. (See Casson-Bleiler || 
p. 71].) 

Proposition 10. The sum of indices of all singularities of the level-set folia- 
tion on Q for F equals the Euler characteristic of Q. 

Proof. This follows since the boundary components are leaves of the foliation. 
See |§ p. 72]. □ 

Each point of M has a neighborhood U such that dev\U is a chart. Hence, 
U includes a convex open ball neighborhood of x. 

Proposition 11. Let T> be a compact disk with smooth boundary, and F : 
T> — > M an amenable embedding of level t with one critical point. Then there 
exists an embedding G : T> — > M t homotopic to F relative to 8T> with F{T>°) n 
G(T>°) = 0. Moreover, the union of the imbedded disks F{T>) and G(T>) is the 
boundary of a compact three-ball in M. 

Proof. Assume without loss of generality that F is positive. Let £ = F(T>), 
and let fi denote scjjE. Let k be the unique critical value of fi and z the 
critical point. Then z is the maximum point of f\. Choose a convex open ball 
neighborhood B of z. Then there exists a real number k! near k, k! < k, so 
that the level set f~ l (k') at k' is a simple closed curve in S n B, say a, which 
equals the boundary of a disk S Q in S°. Since My D B is a convex open disk, 
a is the boundary of a disk D\, in My. Now, the union of D\, and S a is the 
boundary of a three-ball in B. Let us call the ball By. 

By Theorem [|, it follows that there exists a disk D\ in the level t so that 
the union of D\,, Df, and the embedded annulus fi ([k',t]) is the boundary 
of a three-ball. Let us call it B 2 . Then B\ UB 2 is the three-ball with boundary 
S U D; . The proposition follows easily now. □ 
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F(A) 




Figure 6. Examples of two types of annuli and fillings by a 
3-ball and a solid torus respectively. 

Proposition 12. Let A be a compact annulus, and F : A — > M a positive 
amenable embedding of level t with two critical points. Then one of the follow- 
ing holds: 

(a) F(d~A) is the boundary of the union of two disjoint disks D\ and D 2 in 

M t so that D\ U D 2 U F(A) is the boundary of a compact subset of M 

homeomorphic to a three-ball. 
(0) There exists an embedding G : A —>■ M t homotopic to F relative to 5A, 

so that G(A) U F(A) equals the boundary of a compact subset in M , 

homeomorphic to a solid torus. 

Proof. The critical points of A consist of one index 1 critical point and one 
index —1 critical point since = by Proposition [TO. 

Let S be the image F(A), and fx = Xi|S. Let I and k, I > k, be critical 
values, and w and z the corresponding critical points respectively. Then w is 
a local maximum point and z a saddle point. Let e be a small positive number 
so that k + e < I. (e will be chosen more precisely below.) 

Let S = f^dk + e,/]). Then the higher surface S is a positive amenable 
disk with one critical point. By Proposition II, \ //,. . , includes a disk Dk +e , 
the union of which with S is the boundary of a compact three-ball in M. Let 
Bi denote the three-ball. 

Obviously, t < k < I. Let Si = k + e]), which is homeomorphic to a 

sphere removed with three disjoint open disks, i.e., a pair of pants. Let 5iT*i 
denote the unique boundary components of Si at the level k + e, and ^Si 
the union of the two boundary components in the level t. Then Dk+ t satisfies 
5D k+e = <5S = SxEx. 

Near the saddle point of S, we will do the smooth surgery for the lower 
surface Si as indicated by Figure [7|. 

We will make a chart near z so that S is mapped to a canonically shaped 
saddle, (i) Let B be an open ball neighborhood of z in M. Choose a coordinate 



system u l ,u 2 in a neighborhood V of z in S H B so that u l ( 



u*[z) 
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Figure 7. The local smooth surgery process 



and fi — k + (u 1 ) 2 — (u 2 ) 2 hold in V (see [|39|). Extend u l and u 2 to smooth 
functions on B, and let F : B — > R 3 be given by F(x) = (xi(x), u 1 ^), u 2 (x)). 
Then D Z F is nonsingular. Hence, there exists a neighborhood U of z in B so 
that is a diffeomorphism onto a neighborhood of (k, 0, 0) in R 3 . We may 
assume without loss of generality that E D U is a connected subsurface. 
For a positive number 5, we let 



B* (Jfe, 0, 0) = {{x^u 1 , u 2 ) G R 3 | |xi - Jfe| < 5, (w 1 ) 2 < 5, {u 2 ) 2 < 5}. 

Let E' = F(E n C/). We choose 5', 5' > 0, so that Sji(jfe,0,0) C F(C/) and 
B s >(k, 0,0) n E' equals 



That is, E" = Bg'(k, 0, 0) H E' is realized as a graph of a function. 

(ii) Let J 7 denote the foliation on M whose leaves are components of level 
sets of X\. We choose imbeddings of two J 7 -transverse disks in Bs>(k, 0, 0) that 
does a surgery on Ei ; and obtain a union of disjoint J 7 -transverse annuli with 
smooth boundary. We may choose our cutoff number e to be less than 35'. Let 
5 = 3e and define domains 



{(2i,m\m 2 ) G B s >{k, 0, 0)\xx = k + {u 1 ) 2 - (u 2 ) 2 }. 



D 



D 



D 



4 



{(x 1 ,u 1 )\k+ (u 1 ) 2 -6 < Xl <k + 6, (u 1 ) 2 < 5} 
{(xi, u l ) eD\ Xl >k + (u 1 ) 2 - 5/2} 
{(xi, u l ) eD\ Xl <k + (u 1 ) 2 - 5/2}. 



(7) 



We define a continuous map g : D — » R by 



f 

g(xi,v}) = < 
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x 1 



k+ 5 

k + 8 

k- 5/4 
k- 5/2 

5 

Figure 8. D, D u , D d , N(D d ), and R e . a is given by xi = 
(u 1 ) 2 + k - 5, b by xi = (m 1 ) 2 + fc - 5/ 2 ) and cby x 1 = (u 1 ) 2 + 
fc - 5/4. 



/ 

\ c 


\ 






a 





We smooth this function. Let N(D d ) be the set of points (xij-u 1 ) of .D with 
Xi < k + (m 1 ) 2 — 5/4 and $ d : -D — > [0, 1] a function with bounded derivatives 
such that 

l, (x^u 1 ) e D d 

0, (x^u 1 ) G D-N{D d ). 



Since y/k~ + (u 1 ) 2 — x\ is defined on N(D d ), we define 

g s {x 1 ,u 1 ) = (1 - m 1 )) + $ d (m, w 1 ) + K) 2 - xl 

Then g s is a positive-valued smooth function such that 

g s {x u v}) = ^k+(u 1 ) 2 -x 1 for (x^u 1 ) E D d , 

g^xuu 1 ) = ^/5/2 for (x u u 1 ) G D - N(D d ), 

g'ix^u 1 ) > ^k+(u 1 ) 2 -x 1 for (x^u 1 ) E N(D d ) - D d . 



(8) 



Since 5 = 3e, the line in D given by x\ = k + e intersects the arc x 1 = 
k + (u 1 ) 2 — 5/2 in D at two points. Let R e be the region in D given by 
x x < k + e and x x > k + (u 1 ) 2 - 5/2. Let G + : D -> 5a(fc,0,0) be given 



by G + (x 1: 



(xi, u 1 , <7 s (xi, u 1 )) and G : £> — > -B^/c, 0, 0) by G (xi,^) 



(xxjU 1 , —g s (x 1 ,u 1 )) for (i^u 1 ) G £>. Then G + and G are embeddings into 
B§(k, 0, 0). Let £ be the foliation on B$(k, 0, 0) with leaves that are level sets 
under x x . Let G + {R e ) be denoted by D + , and G~(R e ) by IT. Then D + U D~ 
are disjoint imbedded disks transverse to S. 
Let us recall 



E" = {{x u u\u 2 ) G Bs'(k, 0, 0)|xi = A; + (m 1 ) 2 + (« 2 ) 2 }; 
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Figure 9. 



let 

E? = {(xijU 1 , u 2 ) E S"|xi < k + e}, 

so that (E" — Ejj) U L> + U is a smooth manifold properly imbedded in 
Bs(k, 0,0) diffeomorphic to the union of two disjoint disks transverse to £, a 
result of a surgery, since it is the union of 

G + ({(x 1 ,u 1 ) E D\xt <k + e}) and C^x^u 1 ) E D\ Xl < k + e}), 

two manifolds diffeomorphic to disks. 

Let P be the plane in Bg(k, 0, 0) given by x\ = k + e. Then P n E" is the 
union of two arcs on P given by k + e = + (w 1 ) 2 — (u 2 ) 2 . Recall that R € is 
the region in D given by Xl < k + e and Xi > k + iu 1 ) 2 — 5/2. Let I t be the 
segment consisting of points of R e whose Xi-values equal to k + e. Then the 
union of PC\ E'/, C7 + (/ e ), and G~(I e ) is the boundary of a closed disk £" in P, 
and the union of E', T,'g, D + , and D~ is the boundary of a compact three-ball 
£ in B 5 {k, 0,0). 




Figure 10. 
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(iii) We do the smooth surgery now. Let V + , V , E, and E5 be (F\U) 1 (D + ), 
(F\U)-\D-), (F\U)-\E'), and {F\U)-\^) respectively. Recall that Ei = 
f-\[t,k + e\). Let 

E^ = (Si-Ei)UP + UD- 

which is the result of a surgery and is diffeomorphic to the union of two disjoint 
annuli. Since (_F|[/) _1 maps leaves of £ into leaves of J 7 , Ef is transverse to 
T. 

(iv) We now try to find the top face for the above annuli. Recall that M k + e 
includes the disk D k+e with 5D k+e = <5E = 5iEi from the beginning of the 
proof. 5D k+e fl E is a union of two compact arcs a% and a 2 in 5{Ei where 
«i U «2 = n <5iSi. Since E — a>i — a 2 is included in one of two components 
of M k+t — JiEi, we have the following two cases: 

(a) E - a x - a 2 C -D£ +e , 

(b) - ai - a 2 ) n £> fc+e = 0. 




Figure 11. Z} fc+ e and E. 

(a) In this case Dk+ t — (E° UajU a 2 ) is the union of two disjoint compact 
disks, which is denoted by O. Then the boundary of O equals 

(6D k+e - E£) U (F\U)-\G + (I e )) U (F\U)-\G-(I e )), (9) 

which is the union of boundary components of EJ at the level k + e. 

We see that O forms the top of the drum U with the bottom side 
removed. Since E^ is transverse to J 7 , Theorem || shows that there exists a 
surface in M t which is the union of two disjoint compact disks and whose 
boundary equals ^Ei. Call the disks D\ and D 2 . Then O U E* U D\ U D 2 is 
the boundary of a compact subset N 2 of M, which is the union of two disjoint 
subsets homeomorphic to three-balls. Let 

B 2 = N 2 U (F\U)-\B). 

Then E> 2 is homeomorphic to a three-ball. 

Recall that the union of Eo = + e,l]), where I is the maximal value of 

fi on E, and the disk D k + t in M k + t equals the boundary of a compact three- 
ball E>i in M. Since SB 2 equals D k+e U E x U Di U D 2 , the balls E>i and B 2 
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meet exactly at D}, +e . Consequently, Bi UB 2 is homeomorphic to a three-ball. 
Moreover, the boundary of B\ U B 2 equals EUDiU^- Hence, we obtain (a). 

(b) In this case, Dk+ t ^E is a compact annulus in the level k + e with smooth 
boundary, as described in equation |9|. As in (a), Theorem || shows that there 
exists a compact annulus fl 2 with boundary 5 2 Y,i in the level t such that the 
union of D k+fi U E, Q 2 , and is the boundary of a compact three-manifold 
N 2 homeomorphic to fl 2 x [t, k + e], a. solid torus. 

Let 

B 2 = {N 2 -{F\U)-\B))VJY> & . 

While B 2 is a compact three-manifold still homeomorphic to a solid torus, the 
boundary of B 2 equals the union of D k+e , fl 2 , and Ej. We can show as in (a) 
that B\ U B 2 is homeomorphic to a solid torus, and the boundary of B\ U B 2 
equals F(A) U Q 2 . Hence, there exists an embedding G : A — >• Q 2 homotopic 
to F relative to 8 A. We obtained (/?). □ 




Figure 12. Our filling processes 
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6. Replacing disks and controlling the relative maximum points 

In this section, we show that if a portion of an amenable embedding F is an 
amenable embedding homotopic to an embedding of a disk into a level set then 
we can replace this portion by an amenable disk with one critical point and 
still obtain an amenable embedding (see Proposition [13|) provided the interior 
of the imbedded disk is disjoint from the image of F. We modify this result 
further a bit in order to control the location and the size of the second relative 
maximum point using Lemma |3| (see (iv) and (v) of Proposition below). 
We even produce gradient-like vector fields for these functions. 

Let F be an amenable embedding of a surface Q. Suppose that Qi is a 
subsurface of Q° diffeomorphic to a disk so that F\Qi is a positive amenable 
embedding, of level t, homotopic relative to 5Qi to an embedding G : Qi — > 
W for a subsurface W in M t . Let us fix orientations of Q and R 2 so that 
(x2 ° G, 23 o G) is an orientation preserving map into R 2 . We let f — X\o F . 

Proposition 13. Suppose that W includes no components of F{f~ 1 {t)) other 
than F(SQi). Let 8 be an arbitrary positive number. Then there exists a smooth 
amenable embedding F' : Q —>■ M with following properties : 

(i) F' is homotopic to F relative to Q — Q°. 

(ii) The maximum point y of X\ a F'\Qi is unique with maximum value less 
than t + 5. 

(iii) The number of critical points of x\ o F' is less than or equal to that of 
x\ o F . 

Proof. Assume without loss of generality that t > 1. Since W is a compact 
subset of M t , a compact neighborhood N in M includes W. Let N t (W) be 
a compact-disk neighborhood of W in the interior of M t H N. Hence, there 
exists a 8', < 5' < 1/2,5, so that p e M obtained by starting from a point 
x G N t (W) and going in the positive or negative Xi-direction by a distance s 
less than or equal to 5' still lies in N. Let this point p be denoted by x ± se\ 
where the sign depends on the direction. The set of all such points is denoted by 
N(W), which is a neighborhood of W homeomorphic to N t (W) x [t — 8',t + 8']. 

Let N t ,(W) denote M t > n N(W) for t' e [t - 8', t + 8'\. We also require that 
the interval [t — 8',t + 8 f ] contains no critical value of /. Since we assumed that 
W includes no components of F(/ _1 (t)) other than F(5Qi), we can choose 
5' sufficiently small so that F~ 1 (N t /(W)) is a simple closed curve a t /, which 
is a component of the t'- level set of X\ o F. Thus, F" 1 (N(W)) is a compact 
annulus that is a neighborhood of 8Q\ and is foliated by simple closed curves 
a t '. In particular, whenever t' , t" G [t — 8', t + 5'}, the union of two level curves 
a t i and a t », t' 7^ t" , is the boundary of a compact annulus A t / tt " included in 
F~ 1 (N(W)). 
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Figure 13. Smoothing. 



We will now construct an embedding from fli into N(W). Assume without 
loss of generality that t > 0. There is a diffeomorphism 

$ : A wj2 -> E (10) 

where E is the annulus in R 2 whose boundary is the union of two circles of 
respective radii t and t — S'/2 with centers at the origin O mapping a t > to a 
circle of radius t — (t' — t) with center O. Clearly $ extends to a diffeomorphism 
of fli with the disk D in R 2 of radius t with center O. 

We choose a smooth function f':D—> [0, 35/4] as follows: 

f'(x,y) = t-^x 2 + y 2 for t - 5'/2 < ^ x 2 + y 2 < t (11) 

and constant along circles with center O with unique critical point O taking 
the maximum value 35'/ 4. Then /' o <E> has constant value t' — t on a t / for 
£' G [£, £ + 5' /2], and $ _1 (0) is the maximum point of /' o $. Consequently, 
$ _1 (0) does not belong to A tjt+e for e < 5'/ 2 - 

Let us define a map G" : fi x U A^(W^) by G"(x) = G(ar) + (/'o$(a;))ei. Since 
this can be seen as a graph map, G' is an embedding. Moreover, 

x x o G" = x 1 o F on A tjt+<5 //2 (12) 

since Xi o G" has constant value t' on a t r. Therefore, G'\a t > is an embedding 
onto a simple closed curve in M t > for t' e [t, t + 5'/2], while so is F|o; t /. 

Let e be a positive number so that 2e is less than d(£l,8N(W)). Since 
G'\5£li = F\5Qi, it follows that for every e, e > 0, there exists 7, < 7 < 5'/2, 
such that 

d^O^FOJftx)) < e, 

d(G / (x),F(^ 1 )) < e, (13) 

d(G'(x),F(x)) < e if x e A,t+ 7 - 

Each point of F(^4 t)t+7 ) U G"(A t)t+7 ) is contained in an open e-d-ball included 
in N(W). Let e\ < 7. Since the balls in the cover are convex, we obtain 

hF(x) + (1 - h)G'(x) G N(W) if x G A t>t+ei 
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for every real number h, < h < 1. 

We smooth G' and F near 5Qi. Let e be a real number with < e < e\, 5', 
and <p t : Q — > [0, 1] a smooth function such that e is 1 on (fl — Oi) U A tj t+e/4: 
and on the compact disk fl° — A° t+e and is constant along a t > for t' E [t,t + e]. 
We define F t : -> JV(W) by 

F e (z) = e (x)F(x) + (1 - e (z))G'(x). 

Then F e equals F on — f2° an d equals G" on Q° — ^4° t+e . In particular, 
equation [12| shows that 

XioG' = i l0 f £ on (14) 

Moreover, F e is homotopic with F relative to Q — Q° since F e depends con- 
tinuously on e for e > and, as e — > 0, F e \Qi converges to G'\Qi which is 
homotopic to F\Qi relative to 5Q\. 

We now show that F t is an embedding. Let us orient the curves a t > contin- 
uously for t < if < t + 5. Since the derivative of F along a t is identical with 
that of G', a continuity argument shows that there exists €2 so that for e < €2, 
the derivative of F on A ttt+e along a t > has positive /i-inner product with that 
of G' . Thus, the derivative of F e along a' t is a nonzero vector field. Since the 
derivatives of F and G' along a t i have zero xi-components, that of F e has zero 
Xi-component. 

Since for < e < 5', at each point of A t j+e, the xi-component of the 
derivative of G' in the inner direction orthogonal to atf is positive, equation 



14] shows the positivity of that of F e . Therefore, F e is an immersion at points 
of A t j+e for e < £1,62, 5'. Since F and G' are immersions on Q — Qi and on 
Qi — At t t+ e respectively, and F e equals F or G' on the respective sets, F e is an 
immersion on all of Q for e < e\, £2, S'. 

Since we have F e \a t = F\a t = G\a t , Theorem 2.1.4 [^, p. 37] shows that 
there exists a positive constant e 3 so that F e \a t > is an embedding into M t > for 
every e and t' with < e < e 3 and t' G [t, t + e]. This implies that F e is the 
desired embedding for e < e^, 6 r , i — 1, 2, 3. □ 

Lemma 3. Let V be a compact disk in the plane R 2 , z a point of 87), and W 
a compact disk with smooth boundary in an open surface. Let U be a compact- 
disk neighborhood of z inD where U fl#D is diffeomorphic to a closed interval. 
Suppose that f : U U 5T> is an imbedding into W so that f{5T>) C 5W and f 
extends to a smooth map f in a neighborhood of U U 5T>. Then there exists a 
diffeomorphism g : T> —>■ W extending f. 

Proof. We claim that / extends to an embedding /" of an open neighborhood 
U' of U U 5T> in T>. We may assume without loss of generality that T> and W 
equal the standard disk in R 2 . One can easily extend f\ST> to an immersion 
fi from a neighborhood N± of 5T> in D to a neighborhood of 5W in W. Let 
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iV be an open neighborhood of U in T> so that f'\N : A" — > W is a well- 
defined immersion extending f\U U (N fl 5T>). We can do this since the ranks 
of the derivatives of / at points of U equal 2 and hence those of / at points 
of 5T> sufficiently near points of U are also two. Let if) : T> — > [0, 1] be a 
smooth function such that ip equals on U and 1 on D — N. Define a map 
/" : N X UN -> W by f'(x) = + (1 - if>(x))f'{x), so that /" equals / 

on C/ U 5X>. Since (f'\N)\N n <5£> equals /|JV D 5£>, the derivative of f x in the 
angular direction equals that of f'\N on A" fl 5P. 

This and the fact that f\ and f'\N are immersions show that D includes a 
sufficiently thin neighborhood A^ of such that /" restricted to A^ is an im- 
mersion as an explicit matrix calculation in polar coordinates will verify: Give 
the polar coordinates on T> and W so that 9 increases along the boundary 
orientation of T> and r decreases in the radial inward direction of the stan- 
dard disk D. Assume that f\ and /' preserves orientation. Then under the 
coordinate system (r,9), 

on 5T> for a, b, a', b' > since 5T> \— > 5W and the inward vector of T> is mapped 
to inward vector of W for both of f\ and /'. We have 



Df" 



Mfn-f[)+Tpa+(l-iP)a' 

Mfa-f2)+W+0--W 



where fn and /( denote the r-component of f\ and /' respectively and f\2 
and f 2 denote the ^-components of f\ and /' respectively. Since fi = f on 
8T> fl N, it follows that Df" is not zero on 5T>. Therefore, /" is an immersion 
on a neighborhood of 8T>. 

Since f"\UU 8T> is injective, N U N 2 includes a neighborhood U' of C/ U 5Z> 
in X> so that f"\U' is an embedding. 

In [/', there is a neighborhood A of C/ U 5P, diffeomorphic to a compact 
annulus, with one boundary component equal to 5T> and the other in D°. Then 
f"\ A is a diffeomorphism of A into an annulus A' in W whose one boundary 
component is 5W . Since T>° — A° is a compact disk with smooth boundary and 
so is W° — f(A')°, there is a diffeomorphism /'" between these disks extending 
the map /" restricted to the component of 5 A in T>°. One can now smooth /" 
and /'" to a diffeomorphism T> — > T> (see Theorem 8.1.9 [pO , p. 182]). □ 



We will need two definitions: A smooth vector field ( on Q is an f -gradient- 
like vector field for a real- valued Morse function / if 

• C(/) > in the complement of critical points of /, and 

• given each critical point p of /, there are coordinates (w^w 2 ) in a neigh- 
borhood U of p so that / = f(p) + (-I)p(m 1 ) 2 + (-l) 9 (u 2 ) 2 , and ( has 
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coordinates ((— l)^ 1 , (— 1)% 2 ) throughout U, where p and q are integers 
equal to 1 or 2. 

(See Milnor ||, p. 20].) 

A cubical neighborhood of a point x in M is an open convex ball B with 
compact closure C\(B) in M so that dev|5 is an embedding onto the set 

{(xi, X2, X3) G R 3 | \xi — ai\ < b for everyi = 1, 2, 3} 

for some real numbers d, a 2 , a%, and b, b > 0. A bottom side of B is the side of 
B corresponding to x\ = a% — b. B has natural coordinates x\ o dev, x 2 ° dev, 
and X3 o dev, which were denoted by xi,x 2 , and x%. 



Proposition [7j can be extended as follows: 

Let B be a cubical neighborhood of z G Suppose that there exists an 
x\o F- gradient-like vector field ( on Q — Q° so that the map (x 2 oF,i 3 o F) 
restricted on a compact-disk neighborhood V of 2; in Qi , V C F~ 1 {B), is 
an orientation-preserving diffeomorphism onto an open subset of R 2 with the 
given orientation. (Recall that we fix an orientation of Q and R 2 so that 
(x 2 o G, X3 o G) : Q\ — > R 2 is orientation-preserving.) Then we can choose 
F' so that the following statements hold in addition to (i), (ii), and (iii) in 



Proposition 13: 



(iv) There exists an x± o F'-gradient-like vector field £' on Q extending ( 
smoothly so that the closure F of the ^'-trajectory from z to the relative 
maximum point y of x\ o F' is a smooth arc and lies in the interior of V 
in flj. (We have F'(y)eB.) 

(v) (x 2 oF / ,x 3 o J P / )|V= (x 2 oF,x z oF)\V. 

Proof. To prove (iv) and (v), we will change F e and G in the proof of Propo- 
sition |13[ Since (x 2 o F, X3 o F)\V maps into W by the orientation condition, 
Lemma |3| shows that there is a diffeomorphism G\ : Q± — > so that 

feoG^soGOlK = (x 2 oF,x 3 oF)|^ (15) 
Gi|(JJ2i = (16) 

Recall /' and $ from equations O and |10| respectively. Since $ extends to 



a neighborhood of f2i, it follows that there exists an /'-gradient-like vector 
field (1 on D so that £i pulls back to an /' o $-gradient-like vector field on fli 
extending (. 

Let V = 3>(V), and Ti the closure of the Ci-trajectory from to O. 
There exists e 4 , e 4 > 0, so that Ti intersected with a circle of radius t — e 
with center O for < e < e 4 is a unique point of the interior of V in D. 
Let f : D ^ D be a diffeomorphism fixing all points of distance t' from O, 
t — e 4 < t' < t, and so that ^(Tx) is a subset of the interior of V in D. We 
define G£ : fii -> W(W) by = + /' o tf" 1 o $(x)ei. 
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Let (2 denote the vector field defined on Qi pulled-back from (1 by o $. 
Then (2 extends £; (2 is /' o o $-gradient-like vector field. We let £' denote 
the extended vector field. Let T be $ _1 o vl/fTi), which is the closure of the 
(^'-trajectory from z to o ^(0), the maximum point of /' o 0$ on Qi, 
and T is a subset of the interior of V in Q°. 




Figure 14. 



We take the numbers for i — 1, 2, 3 from the proof of Proposition [13]. Let 
e satisfy < e < e,-, 5', i = 1, 2, 3, 4. We define : fij -> JV(W) by 

F^x) = &(z)F(z) + (1 - &(z))Gi(s). 

Then F e (x) is homotopic to F relative to f2 — Q° as in the proof of the part 
(i) of the lemma. As above, F} is an embedding satisfying (ii) and (iii), and 

x\ o G[ — X\ o F} on fii, 

exactly as in equation |14]. Therefore, (' is a gradient-like- vector field for xi oF} 
as well. Since T is the closure of the ^'-trajectory from z to the maximum point 
$ _1 o\|/(0) of iio^ 1 in Qi, (iv) is satisfied. Now, for x G V, equation |15| shows 
that 

(x 2 o F^(x),x 3 o F*(x)) = <p e (x)(x 2 o F(x),x 3 o F(x)) 

+ (l-0 e (x))(x 2 oG 1 (x),x 3 oG 1 (x)) (17) 
= (x 2 o F(x),x 3 o F(x)); 

hence, (v) is satisfied. □ 

We will need the following corollary later. 

Corollary 4. Let N(Qi) be the neighborhood fii U Ats>,t inVt°. Assume 

that W includes no component of F(f~ l (t)), ot/ier than F{8£1\). Then there 
exists an amenable embedding F" : Q — > M with the following properties : 

(i) F" is homotopic to F relative to Q — N(Qi)°. 

(ii) The maximum point y of Xi o F"|iV(f2i) is unique with maximum value 
less than t. 
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(iii) The number of critical points of X\ o F' is less than or equal to that of 
x\ o F. 

(iv) The number of components of {x\ o F")~ l (t) is less than that of 
(xi o by one or more. 

Proof. By the above choice of 5', F\N(Qi) is a positive amenable embedding of 
level t — S' and homotopic to an imbedding into N(W) relative to N(Qi) — Q°. 
Since N(W) is diffeomorphic to a three-ball N t (W) x [t-5',t + 5'}, F|iV(Oi) 
is homotopic relative to 5N(Qi) to an embedding into N t s'(W). Now, Propo- 
sition |H| implies the conclusions of the corollary. □ 



7. HOMOTOPY OF A DISK WITH THREE CRITICAL POINTS 

We prove that an amenable embedding of a disk with three critical points 
is homotopic to an embedding into a level set of M. The proof involves Morse 
cancellation theory in this geometric setting. Such a disk can either have two 
relative maximum points and a saddle point or have one maximum and a rela- 
tive minimum point and a saddle point. In the first case, by using Proposition 



D| we try to push the one relative maximum very near the saddle and then 
we cancel them by constructing the explicit homotopy in a small convex open 
set called a cubical neighborhood. To do this, we use a flow line of a gradient- 
like vector field in the neighborhood connecting the relative maximum to the 
saddle point that we constructed at the end of Section |6] (see Milnor P9| ). In 
the neighborhood of the union of arcs in the flow lines containing the saddle 
point and relative maximum and a point above the relative maximum, we find 
an expression of / as an integral and modify the integral expression. In the 
second case, we use the 3-ball and the solid torus obtained in Proposition IT2 



to obtain homotopies. The both processes are captured in Figures |I7| and W 
respectively. 

Proposition 14. Let V be a disk; let F : T> —>■ M be a positive amenable 
embedding of level t with three critical values. Then there exists an embedding 
G : T> — > M t homotopic to F relative to 5T> 

Proof. Let / = x\ o F. Since the Euler characteristic of T> is 1, / has two 
relative extreme points and a saddle point by Proposition |TU[ Let t>i,t>2, and 
i>3 denote critical values, and zi,z 2 , and z 3 the corresponding critical points 
in T> respectively. By relabeling if necessary, we can assume without loss of 
generality that there are only following cases: 

(a) z\ is a maximum point, z 2 a local maximum point, and z 3 a saddle point 
where V\ > v 2 > v 3 > t. 

(b) z\ is a maximum point, z 2 a local minimum point, and z 3 a saddle point 
where V\ > v 3 > v 2 (vi,v 3 > t). 
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FIGURE 15. Examples of (a) and (b). 



(a) Let B be a small cubical neighborhood of F(z 3 ) in M so that F^ 1 {B) is an 
open disk neighborhood of z 3 . We can write F(x) = (f(x),x 2 oF(x),x 3 oF(x)) 
for x G F~ l (B) under the natural coordinates of B. Let V = F~ l (B) whose 
closure C1(V) is a compact disk in T>°. By choosing B sufficiently small, we 
may assume without loss of generality that the map defined by 

x i — > (x2 o F(x), x 3 o F(x)) 

is a diffeomorphism of C1(V) onto a closed rectangular disk in R 2 , correspond- 
ing to the bottom side of Cl(B). (See the proof of Proposition [12].) 

Choose e, e > 0, so that v 3 + e < v 2 and for the components cti and a 2 of 
f~ X ( v 3 + e )> which are simple closed curves, both F(ai) and F(a 2 ) pass B. 
Since vi,v 2 > v 3 , it follows from the flow argument that the curves a± and 
a 2 are the respective boundaries of disjoint disks T>\ and T> 2 in T>°. We may 
assume without loss of generality that T>° contains z±, and T> 2 contains z 2 . 

There exists a coordinate system w^w 2 in a neighborhood U of 23 so that 

f = v 3 - {u'f + (« 2 ) 2 

holds in U (see the diagram 5 of Milnor |]40| , p. 15]). For a gradient-like vector 
field ( for /, we are able to choose e sufficiently small and points r and z so 
that the following statements hold: 

• Let r be the point on T>1 D V on the ^-trajectory from z 3 to Z\ such that 
f(r) > v 3 + e + 5 for some number 5, < <5 < e. The closure Ti of the 
^-trajectory from z 3 to r is a subset of V. (T\ is a smooth simple arc with 
endpoints r and z 3 .) 

• Let z be the point on 5T> 2 D V on the (^-trajectory from 2:3 to ^2- The 
closure T2 of the ^-trajectory from z 3 to 2 is a simple arc in V. 
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We will now modify F. By Proposition [XT], F(ai) and F(a 2 ) are respective 
boundaries of disks E% and E 2 in M V3+e . Since the union of E 2 and F(T>2) 
is the boundary of a three-ball, if E\ is included in E 2 , then F(T>i) has to 
lie in the three-ball as F is an imbedding. This contradicts the assumption 
that f{z\) is greater than f(z 2 ). Therefore, E 2 does not include E\, and E 2 is 
disjoint from F(a,i). 

Recall that (x 2 oF,i 3 o F) is an imbedding from V to the subset of R 2 
corresponding to the bottom side of the cubical neighborhood. (See Figure 
|T5|.) We naturally choose an orientation on T> so that (x 2 o F, x 3 o F)\V is 
orientation-preserving. Let a 2 be given a boundary orientation from 23> 2 , and 
so the image oiV — T> 2 lies to the right of 

(x 2 o F(>2 H V), x 3 o F(a 2 H V)) in R 2 . 

Let G : T>2 — > -E2 be the imbedding homotopic to F\T>2- We claim that 
(#1 o G, £2 C) on V fl P2 is also orientation preserving. 

Suppose not. Then i? 2 lies to the right of F(a 2 ) in M V3+e since (a^oG, x 3 oG) 
is orientation-reversing immersion. Hence, E 2 is a disk in M V3+e that is the 
closure of the right component of M V3+e — F(a 2 ). Since BnM V3+t DF{T>) is the 
union of two components F{a\ fl V) and F(a 2 fl V) and nothing else, it follows 
that E 2 fl -B is a component of -B fl M„ 3 + e removed with these two arcs, to the 
right of F(a 2 fl V). Since F(ai fl V) lies to the right of F(a 2 fl V), the closure 
of E 2 contains some points of F(ai). This is absurd since the boundary of E 2 
equals F(a 2 ) and E 2 does not meet F(ai). 




F(V) 



F(a 2 ) F(a0 



Figure 16. 



By the above claim, Proposition |T3J, and the subsequent result, there exists 
an amenable embedding F' : T> — > M with the following properties : 

(i) F' is homotopic to F relative to T> — T> 2 . 

(ii) The maximum point y of x\ o F'\T> 2 is unique with maximum value less 
than t + e + 5. 

(iii) The number of critical points of X\ o F' equals that of x\ o F. 

(iv) There exists a gradient-like vector field (' on T> extending C\T> — 
smoothly so that the closure of the (^'-trajectory T 3 from z to y is a 
smooth arc and lies in V fl T> 2 . 

(v) (x 2 o F', x 3 o F') = (x 2 °F,x 3 o F) holds on C1(V) n V 2 . 
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To obtain (v), we may have to take a slightly larger cubical neighborhood 
B. In fact, since F' = F on T> — Pf, we have {x% o F', x 3 o F') = oF,i 3 o F) 
on V. We let f = x±o F' . Then F'(x) = (f'(x),X2 o F(x),xs o F(x)) for every 
x G V in the natural coordinates of S. 

Since r x fl T 2 = {23}, T 2 fl T 3 = {z}, and Ti fl T 3 = hold, the union 
T = U T 2 U T 3 is a smoothly imbedded compact arc containing z 3 in the 
interior and endpoints r and y. Clearly, F'(T) is a subset of B. There exists a 
positive constant 8\ so that the minimum d-distance from 5C\(B) and F'(T) 
is greater than 25\. Let B' be a cubical neighborhood of F'(T) in B so that 
the d-distance from each point of SCl(B') to SCl(B) equals 2S\. For S±, the 
equation shows that there exists e 5 , e 5 > 0, such that 

d(F e (x),F(x))<5 1 if xeA tit+e5 . (18) 

We may assume that F' = F e for e < 65. Therefore, we have obtained: 

Lemma 4. F'(x) does not belong to B' if x G X> — V. 



5 
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Figure 17. The cancellation steps in the first case 

By a slight extension of the arguments in Section 5 of Milnor [ 39 1 , we prove 
Lemma |S] in the appendix that there exists an open neighborhood U of T in 
F~ l (B') with a coordinate chart u = (u l ,u 2 ) so that the ^'-trajectory extend- 
ing T is mapped into the w 1 -axis, u{r) = (—1,0), u(z 3 ) = (0,0), u(y) = (1,0), 
and for every x, x G U, 

v{t)dt-{u\x)f 

for a real-valued function t> defined on the real line R that is positive for 
< t < 1, and zero at and 1 and negative elsewhere. 
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The property of v also can be obtained from the equation: 

2 jf v(t)dt = f'(y) - f'(z 3 ) > and 2 ^ v (*)dt = /'(r) - f'(z 3 ) < 

since /' is decreasing on the interval in T from r to z and increasing on that 
in T from z to y. Thus, t> is negative on the interval (—1, 0) and positive on 
(0, 1) and negative on (1, 1 + /t] for some small /t, /t > 0. 

Now we choose a negative-valued function w defined on R agreeing with v 
in R- (-1,1 + /i) satisfying the following conditions: 

(i) (x, 0) belongs to u(U) for x G [-1 - 2/i, 1 + 2//], 

(ii) 2/_ 1 +^(t)rft = f(y')-f(r) < where y' = ^(l + ^O), f'(y') > f'(z), 
and 

(hi) $l x w(t)dt> f^vtydt for xeR. 




Figure 18. Graphs of functions t> and u> and their primitive 
functions f'(z). 

One can find a nonnegative smooth function s : R 2 — > [0, 1] that equals 1 
on the segment in the ■u 1 -axis with endpoints (—1 — 2/i, 0) and (1 + 2fi, 0), 
has a support in a compact subset of u(U), and whenever s(-u 1 ,m 2 ) 7^ 0, we 
have ds / du 2 (u 1 , u 2 ) < for u 2 > 0, ds / du 2 (u 1 , u 2 ) > for -u 2 < 0. Define a 
real-valued function g on [/ by 

= /(r) - (« 2 (a;)) 2 

v(t)rft + 2s(w 1 (a;),M 2 (x)) y 

Then (/(x) = /(x) for x £ U — K, where K is the support of s o u. By (iii) 
and the condition on ds/du 2 , dg/du 2 is nonzero whenever u 2 7^ 0. If u 2 = 0, 
dg/du 1 is nonzero since w is nonzero everywhere. Thus, g has no critical 
points in U. Since the map given by x — > (rr 2 o F(x),x 3 o -F(x)) for 1 G V 
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is a homeomorphism of V onto an open rectangle on R 2 , the map given by 
x — > (g(x),x 2 ° F(x), X3 o F(x)) for x G U and x — > (f r (x), x 2 ° -^(x), 23 o 
for x G V — £7 is an embedding into a subset of 5 with the natural coordinates. 
Denote this map by g : V — > B. Define a map F" : T> — > M by F"(x) = g(x) 
if x G V and F"(a?) = F'(x) if a; G V - V. Since g{U) C 5', Lemma | 
and the fact that F'\T> — U and g : V —> B are injective imply that F" is 
an embedding. Clearly, F" is an amenable embedding homotopic to F, and 
x\ o F" has a unique critical point, which is a maximum point. Hence, the 
conclusion follows from Proposition |TT|. 

(b) Let e be a small positive number so that v 3 — e > v 2 . The level set 
Z -1 ^ — e ) is the union of two disjoint simple closed curves a.\ and a 2 . Since 



Z\ is a local maximum point and 23 a saddle point, Proposition [10] implies that 
the union of a.\ and a 2 is the boundary of an annulus A in D° with Z\,z^ G A . 
We may assume without loss of generality that a\ is the boundary of a disk 
T>i in T>° such that a 2 C T>°. Let P2 be the closed disk in T>° with boundary 



Q2- Then X> 2 C T 5 ", z 2 G By Proposition [TJ, one of the following item is 
true: 

(a) F(5A) is the boundary of the union of two disjoint disks Di and D 2 in 
M V3 _ t , so that -Di U D 2 U is the boundary of a compact subset B\ 

of M homeomorphic to a three-ball. (We may assume without loss of 
generality that 5D\ = F(ai) and 5D 2 = F(a 2 ).) 

((3) There exists an embedding J : A — > M„ 3 _ e homotopic to F\A relative to 
SA, so that J (A) U .F(A) equals the boundary of a compact subset in M, 
homeomorphic to a solid torus. 

(a) The map F\D 2 is a negative amenable embedding of level v 3 — e with 
one critical point. By reversing the Xi-direction and using Proposition [11], we 
obtain a disk D' in M V3 - e with boundary -F(a 2 ) such that D' U F(T> 2 ) is a 
boundary of a three-ball B 2 . By Lemma |1|, D' = D 2 . Hence, B 1 H B 2 — D 2 
and Bi U i? 2 is a compact subset of M homeomorphic to a three-ball. The 
component A\ of / _1 ([t, v 3 — e]) including is homeomorphic to an annulus, 
and the boundary component of in the level t> 3 — e equals cti, where F(ai) = 
5Z?i. By Theorem |5|, there exists a disk D t in M< so that the union of F(A\), D t , 
and D\ is the boundary of a three-ball -B3. Then BiUB 2 UB^ is homeomorphic 
to a three-ball and the boundary of B\ U -B 2 U -B3 equals Z^t U F(T>). Hence, F 
is homotopic relative to ST> to an embedding G :T> ^ D t . 

(P) As in (a), F\T> 2 is homotopic relative to 8T> 2 to an embedding j' : T> 2 — > 
M^ 3 _ e . Clearly, either is disjoint from j'(T> 2 ) or a subset of j'(V 2 )°. 

(i) Suppose that F(o;i) is disjoint from j'{V 2 ). Then the union of F(ai) 
and F(a 2 ) is the boundary of the annulus J (A), such that J (A) U j'(T> 2 ) is 
an imbedded disk in M„ 3 _ e . Let Hi : P — > M be defined by Hi(x) = F(x) 
ii x E T) — D°, = J(s) if x G A, and ^i(x) = if x G X> 2 - Then 




Hi\Vi is an imbedding onto the disk J (A) U j'(D 2 ). Theorem 8.1.8 in 
shows that Hi\T>i is homotopic relative to 5D\ to an embedding H 2 from D\ 
onto J (A) Uj'(D 2 ) in M V3 _ t . 

Applying Proposition |13| to F\D\ and H 2 , we obtain a smooth amenable em- 
bedding with a unique critical point, which is a maximum point. Proposition 
|TT| completes the proof. 

(ii) Suppose that F(ai) C j'{D 2 )°. Then by Lemma [I], J(A) is an annulus 
in j'(D 2 ) with boundary F(a\) U -F(a2). Define a map i?3 : D — > M by 
# 3 ( x ) = F(x) if x G £> - and H 3 (x) = J(x) if x e A, and H 3 {x) = j'(x) if 
x G XV Then iX 3 is homotopic to F relative to D — D°. Let us choose a smooth 
closed curve j3 in the open disk j'(V 2 ) — J(A), so that the union of (3 and F(ai) 
is the boundary of an annulus, which we call A\. Then H 3 is homotopic relative 
to V-V\ to an imbedding H 4 :D -> M defined by F 4 (x) = if x G D-Z>J, 
is an embedding onto so that H^ai) = F(a\), and -££4(0:2) = (3, and 
Hi\D 2 is an embedding onto the disk that is the closure of j'(D 2 ) — A\ — J(A). 
Now, HAD 1 is an imbedding onto the closure of j'{D 2 ) — J{A), a disk. Again 
by Theorem 8.1.8 in [ 30 , p. 181], H±\D\ is homotopic relative to bD\ to an 
embedding H 5 from Di onto the closure of f(D 2 ) — J {A) in M V3 _ e . 
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Similarly to (i), the proof is completed by Proposition [13] and Proposition 



y- □ 

8. The incompressible level surfaces 

We prove that every amenable disk with boundary in a level set is homotopic 
to an embedding into the level set. Our basic idea is to find a highest saddle 
point and cut the embedding just below the level of the saddle point. Then 
what is above is the union of components that are either disks with three 
critical points, annuli with two critical points, and a disk with one critical 
point. There is exactly one component that is not a disk with one critical point. 
We reduce the number of the critical points on it by methods we described in 
Sections 5 and 6. 

Since every embedded disk with boundary in a level set can be deformed to 
an amenable disk, this shows that each component of a level set is incompress- 
ible in M. Finally, we show that each component of a level set is diffeomorphic 
to R 2 using the incompressible surface theory. By a result of Palmeira H3| , M 
is diffeomorphic to R 3 . This completes the proof of Theorem [I]. 



Figure 20. Induction Moves 



By Proposition O, the following induction hypothesis is satisfied for k = 1: 



Hypothesis 1. Let D be a standard disk and F : T> — > M a positive amenable 
embedding of level t with k critical values. Then there exists an embedding G 
of T> into M t homotopic to F relative to 8T>. 

Now assume that the induction hypothesis holds for k < i — 1 for an integer 
i, i > 1. We will show that the induction hypothesis holds for k = i. Let 
F : T> — > M be a positive amenable embedding of level t with i critical values. 
Let / = Xi o F, v the maximum of the critical values of index 1, and z the 
saddle point corresponding to v. We choose e, e > 0, so that [v — e,v] con- 
tains no other critical value. Letting v' — v — e, we see that the components of 
are simple closed curves ai, . . . , ot n and the components of oo)) 
smooth subsurfaces A\, . . . , A m of T>° with boundaries each of whose compo- 
nents equals for some i. We may assume without loss of generality that 
exactly one component Ai contains the unique saddle point z in the interior. 
Since F\Ai is positive amenable, Ai has at least one local maximum point. 
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Proposition |H] show that > 0- Hence, A\ is diffeomorphic to (i) a disk, 

or (ii) an annulus. Since there is no saddle point in Aj for j > 1, we have 
x(Aj) > 0. Thus, each Aj for j = 2, . . . , m is diffeomorphic to a compact disk 
and contains a unique critical point, which is a local maximum point. 

(i) In this case, every Ai is diffeomorphic to a disk. Since each Ai has a 
unique boundary component, we have m = n and may assume without loss of 
generality that is the boundary of Ai in T> for each i, i = 1, 2, . . . , n. Since 
xC^i) = 1 an d has one saddle point, A\ has three critical points, one of 
which is a saddle point and the other two are local extreme points. One of 
them is a local maximum point, and if the other one is a local minimum point, 
then the level of the highest saddle v is higher than that of the local minimum 
point, and since [v — e,v) contains no critical value, v — e is still higher than 
the level of the local minimum point. This is a contradiction since A\ has no 
points below v — e. Hence A 1 has two local maximum points and a saddle 
point. 



Since by Propositions |TT| and [14], each F(cti) for % — 1, . . . , n, is the boundary 
of a compact disk in M v >, the closure of precisely one component of M v i—F{a.i) 
is homeomorphic to a disk by Lemma |l| Therefore, we can define an innermost 
closed curve among F(ai), . . . , F(a n ) as follows: F(atj) is an innermost closed 
curve (with respect to M v r) if the disk with boundary F(ctj) in M v > includes 
no F(cti) for % ^ j. We consider an innermost F(otj), j ^ 1, included in 
the disk in M v > with boundary F(ai). By Corollary [|, we obtain an amenable 
embedding F' : D —>■ M homotopic to F relative to T> — N(Aj)° for a compact- 
disk neighborhood N(Aj) of Aj with equal number of singularities, and the 
number of components of f'~ l (v') where /' = x\oF' is less than that of f~ l (v') 
by one. Hence, by an induction, we obtain a positive amenable embedding 
F" :T> — > M homotopic to F relative to 

n 

V - |J N{A 3 )° 

3=1 

so that F"(a.\) is now an innermost component and the number of critical 
points of F" equals that of F. (By our choice in Corollary [|, we may assume 
that N(Aj) is disjoint from A\ and N(Ak) for k ^ j, k = 2, . . . ,n.) Then by 
Proposition |TJ], F"\A\ is homotopic to an embedding onto a disk in M v > relative 
to 5A\. By Proposition [13], we obtain an amenable embedding F'" : T> — > M 
homotopic to F" relative toV — A° and x\ o F'" has two less number of critical 
points than x\ o F" . Then by the induction hypothesis, F is homotopic to an 
embedding G :T> — > M t relative to ST>. 

(ii) We have m = n — 1, and may assume without loss of generality that 
«i and a n are the boundary components of the annulus A\ and that «j is the 
boundary component of a compact disk Ai for each i, i — 2, . . . , n— 1. We may 



THE UNIVERSAL COVER OF AN AFFINE THREE-MANIFOLD 



47 



further assume without loss of generality that a,\ is the boundary of a disk T>\ 
in D° such that a n C T>°. Let T> 2 be the disk with boundary a n in V>\ we have 
T>2 C T>°. Then F\D\ is a positive amenable embedding of level v', and the 
map F\T> 2 is a negative amenable embedding of level v' with the number of 
critical points less than that of F by at least two. Reversing the direction of 
X\ and applying the induction hypothesis show that F\T> 2 is homotopic to an 
embedding H 2 : T> 2 — > M„/ relative to 5V 2 . Applying Proposition [L3| to i? 2 , 
we obtain a positive amenable embedding ifi : T>\ — > M homotopic to 
relative to Pi — P§ so that rri o has only three critical points, which are a 
local maximum point, a saddle point, and a local minimum point respectively. 

By Proposition [TJ], we obtain an embedding H : T>\ — > M v / homotopic to 
F\T>i relative to 8T>\. Let W be the image disk H(T>i), where 5W = F(ai). 
Let us define a map F' : T> — > M defined by F'(x) = F(x) if x G Z> — D° and 
F'(x) = H(x) if x E T>x. Now F' may not be an imbedding but is homotopic 
to F relative to T> — T>°. For each i, i = 2, . . . , n — 1, either is a subset of T> 2 
or is disjoint from T>i, and F(ati) either is included in W° or is disjoint from 
W since F is an imbedding. Let 

J = {j\F( aj ) c r, A, <t T>°2, 2 < j < n - 1}. 

Since a^, j G J, is the boundary of a disk Aj with one critical point, Proposition 
P"T| shows that F'\Aj is homotopic relative to 8Aj to an embedding of Aj into 
W°. Suppose that F(otj), j G J, is an innermost one among F(ptk) for k G J in 
M„/ . Corollary ^| implies that F' is homotopic relative to T> — N(Aj)° to a map 
F" : X> — > M so that a?i o F"(N(Aj)) < v'. By an induction eliminating such 
innermost aj, j G J, we obtain an imbedding L : D —>■ M so that G 
if and only if x G £>i, Xi o L(N(Aj)) < v' for j G J, and L is homotopic to F 
relative to 

v-vi-yjN^y, 

where N(Aj) is obtained as above for each j, and L is smooth except on 8T>\. 
(The neighborhoods N(Aj), j = 2, ...,n — 1, are assumed to be mutually 
disjoint.) 



By Proposition [L3], we obtain an amenable embedding L' : T> — > M homo- 
topic to L relative to Z> — X>°, and have a unique critical point in T>°, which 
is a local maximum point. Thus we reduced the number of critical points by 
at least two. The induction hypothesis implies that there exists an embedding 
G : T> — > M t homotopic to L' relative to 5T> and, hence, to F. This completes 
the induction argument. 

We proved: 

Theorem 6. Let F : T> — > M be a positive amenable embedding of level t. 
Then there exists an embedding G : T> — > M t homotopic to F relative to 5T>. 



18 



SUHYOUNG CHOI 



We will follow Chapter 6 of [29]. (Peter Scott and a number of topologists 
told me that the following lemma is true.) Let M be an orientable smooth open 
three-manifold. A surface is a properly imbedded connected two-manifold — 
possibly noncompact. We say that a surface F is incompressible in M if none 
of the following conditions is satisfied. 

• F is a two-sphere that is the boundary of a homotopy three-cell in M, or 

• there is a two-cell D in M such that DdF = 5D, and 5D not contractible 
in F. 

Lemma 5. Let S be a two-sided surface in M, and let z* : tti(S) —>■ ivi(M) be 
the homomorphism induced by the inclusion map. Then if the kernel of z* is 
not trivial, then there is an embedded two-cell D in M, transversal to S , such 
that D fl S = 5D, and SD is not contractible in S. 

Corollary 5. If S is a two-sided incompressible surface in M, then is in- 
fective. 

Now, let M be a simply connected open two-convex affine three-manifold. 
Recall that x\ is a function on M defined by X\ — x\ o dev for a coordinate 
function x\ on R 3 . We defined M t to be the inverse image xj" 1 (t) in M for a 
real number t. Let F be a component of M t , which is a properly imbedded 
submanifold of M. By Lemma [I], F is not homeomorphic to a sphere. We 
claim that F is incompressible. Suppose that there is an embedded two-cell 
D in M, transversal to F, such that D fl F = SD holds. It is easy to see that 
D can be perturbed to be an imbedded disk so that x\\D is a Morse function. 
Theorem |6] shows that SD bounds a disk in F . 

Since M is simply connected, F is simply connected by Corollary ||. Hence 
F is diffeomorphic to R 2 . We conclude that M is foliated by leaves that are 
diffeomorphic to R 2 . The leaves are closed in M since M t is closed in M. By 
Corollary 3 of Palmeira [43|, M is diffeomorphic to R 3 . This completes the 



proof of Theorem [T]. 

9. The shrinkable dimension and ^-convexity 

We first give our definition of shrinkable dimension and list Lie groups where 
this dimension is calculated. The shrinkable dimension of an affine group T is 
the number d such that for any element of the linear part of group L(F) there 
is a direction of at least (n — d)-dimension of the standard n-ball which does 
not shrink to the origin. (See Figure 1.) The dimension is calculated for Lie 
groups using the representation restricted to the maximal tori. 

The purpose of this section is to prove Theorem |^. M is a closed affine 
n-manifold with a development map dev : M R™ and the holonomy homo- 
morphism h : 7Ti (M) — ► Aff(R™). We assume that h(iri(M)) having shrinkable 
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dimension less than equal to d. If M is not <i-convex, then M includes a (d+ 1)- 
simplex such that T n Mx, = F° fl Mx, 7^ for a side Fi of T by Proposition 

We prove that if the diameter of F° fl Mx, is small, then we use the method 
of Carriere in ||. That is, we look at a ray starting from the vertex v\ opposite 
Fi and ending at a point of F° fl Moo- We look at a sequence of balls that 
this ray projected to M passes through and using the fact that the shrinkable 
dimension is less than or equal to d, we show that there exists a sequence of 
ellipsoids on the ray that does not degenerate in n — d dimensions and hence 
meet a compact subset of T fl M infinitely often. Since these ellipsoids are 
subsets of a fixed compact subset of M, we obtain a contradiction to proper- 
discontinuity of the deck transformation group action of M. (See Figure |2l| .) 

If the diameter of F° fl Mx, is not so small, then we change T by changing 
the normal direction of Fi in the confine of M. This can be done, and for 
a generic choice of the normal direction, we can show that the diameter can 
become arbitrarily small. Our major effort is directed toward controlling the 
size of F° n Mqo (see Figure ^3 ) . This will complete the proof of Theorem 



Recall the standard Euclidean metric d on R n . We give a definition of 
shrinkable dimension, which is stronger than that of Carriere but probably 
just as useful. Let d' be the pull-back metric /*d for a linear automorphism 
/ : R™ — > R n ; let T be a subgroup of GL(n, R) acting on R n in a standard 
manner. For e > 0, let E e be the standard n-d'-ball of radius e given by 
{v G R n |d'(0, v) < e} where O is the origin. For i > 1, an i-d'-ball E\ 
of radius e is the intersection of E e with a vector subspace of dimension % 
of R™. We say that T has shrinkable dimension less than or equal to d for 
< d < n — 1, or say sdr < d, if given e, e > 0, there exists a positive constant 
7] depending only on e such that for every d G V there exists an (n — <i)-d / -ball 
E e> # of radius e such that 

d'(6$(E e ^),0)>r ] (19) 

where S , d(E f ^) is the boundary of "&(E €t #). (See Figure 1.) Since $ is linear, the 
condition is independent of e. That is, if the condition is satisfied for a certain 
e, then the condition is satisfied for every positive e. Moreover, the condition 
is independent of which Euclidean metric we use; that is, if d' is given by the 
pull-back metric g*d for another linear automorphism g : R n — > TV 1 , then the 
above condition is true for a different choice of 5. This follows since d' and d 
are quasi-isometric metrics on R". Thus, we need to verify equation ^ only 
for a certain metric. 

We give some examples: Let G be a connected reductive subgroup of GL(n, R). 
Then G admits an internal Cartan decomposition 

G = KTK 
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where K C G is a maximal compact subgroup and T a real maximal torus (see 



28| , p. 249]). Suppose that we can conjugate simultaneously so that K C O(n), 
and T C D(n), where 0(n) is the orthogonal subgroup and D(n) the group 
of diagonal matrices. Thus, with respect to a fixed basis f of R ra the matrix 
M(g) of every element g of G can be written M(g) = Ri(g)D(g)R 2 (g) where 
Ri(g),R2(g) <G 0{n) and D(g) is a diagonal matrix with positive diagonal 
element. We may further assume that the diagonal entries of D(g) can be 
written in the decreasing order, i.e., an >%>■•■ > a nn . For each element 
g of G, let n(g) be the number of diagonal elements of D(g) less than 1. (We 
remark that n(g) or n^g" 1 ) < n/2 if an = 1 for a certain number of is.) 

If n(g) < d for every g G G, then we claim that the shrinkable dimension of 
G is less than or equal to d: Let d' be the metric pulled-back from d by the 
linear map sending the basis f to the standard basis of R". We consider the 
(n — G?)-d'-ball E™~ d of radius e that is the intersection of E e with the vector 
subspace given by x' n __ d+1 = 0, . . . , x' n = where x[, . . . , x' n are coordinates 
associated with f. For each g E G, let E €)9 be R 2 {g)~ 1 {E™~ d ), an {n — d)-d'- 
ball of radius e. Then g(E e>g ) = R l (g)D(g)(E r e l - d ). Since an, . . . , a n _ d>n _ d > 1, 
it follows that 

d'(8M(g)(E e , g ),0) = d'(5R 1 (g)D(g)(Er d ),0) > e. 

Let SL(n, R) be the group of n x n-matrices of determinant 1, and Sp(2n, R) 
the group of symplectic linear maps R 2n — > R 2n with respect to the standard 
symplectic form. Let 0(p, q) denote the subgroup of GL(n, R) of linear maps 
preserving the quadratic form given by 

x i + ■ ■ ■ + x p ~ x p +i — • • • — x p+q , p + q = n. 

From the dimension of the real maximal torus and their standard representa- 
tion (see @] and |42|, p. 310]), we can deduce 

sdSL(n,R) < n- 1, sdO(2,g)<2 (2 < q), sdSp(2n, R) < n. 

(20) 

There is a homomorphism L from the group Aff(R n ) of affine transforma- 
tions of R n to GL(n, R) given by sending g to its linear part L(g). A subgroup 
G of Aff (R™) of R" has shrinkable dimension less than or equal to d if its linear 
part L(G) has shrinkable dimension less than or equal to d. 

We will now give the proof of Theorem |2|. Let M be a closed affine n- 
manifold and (dev, h) a development pair. Then by assumption the linear 
part of the holonomy group h(i[i(M)) has shrinkable dimension less than or 
equal to d. Suppose that M is not d-convex. We will derive a contradiction. 

Let p : M — > M be the covering map, and F a fundamental domain of M. 
Since M is an open manifold, each point x of F is contained in the interior of 
a convex compact ball D in M such that p\D is an imbedding onto a closed 
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ball in M. (We can do this by choosing D within a chart.) Since Cl(F) is 
compact, using the Lebesgue number, we may assume that for each point x of 
F, M includes a compact d-ball B of radius 2e with center x so that p\B is 
an imbedding onto a ball in M, and dev|5 is an imbedding onto a d-ball of 
radius 2e with center dev(x) (see Proposition ^). We say that B is a tiny ball 
of radius 2e and center x. 

Let 5 be a positive number for this e satisfying equation [19] for the linear 
part of h(iri(M)). Since M is not <i-convex, there exists a (d + l)-simplex T 
in M and Fi the side of T so that 

T n Moo = n Moo 7^ 

by Proposition ^. By definition of simplices, dev|T is an imbedding onto a 
(d + l)-simplex dev(T) in R n . Let v\ be the vertex of dev(T) opposite to 
dev(Fi). 

We first study the case where the d- diameter of M^ in T is less than or 
equal to 5/2 following Carriere's argument ||. Let x G F% fl M^ and a the 
line starting from V\ and ending at x. We have Cl(a) — a = {x}, where Cl(a) 
is a segment in T with endpoints x and t>i. Let M have a complete metric 
denoted by d. Then M has an induced complete metric, which is also denoted 
by d. Under the covering map p : M — > M, p\a is a <i-semi-infinite arc in M. 
Then since M is compact, p|a passes arbitrarily close to a point z in M. 

Let z be a point of M corresponding to z in the fundamental domain F. M 
includes a tiny ball E with d-radius 2e and center z. 

Since p|a enters p(i^) for the tiny ball K in E of d-radius e/2 with center 
5 infinitely often, we may choose a monotone sequence of points {zi},Zi G a, 
converging to x, so that p[zi) G p(i^) for each i. There exists a sequence 
{z'j} of points of E such that p(^) = p(zi) and, hence, ^ = ^(zQ for a deck 
transformation -0, for each z. For each i, p(E) includes a compact ball Ei with 
p(zj) G Ei so that £/j = p{E'j) for a tiny ball E[ in of d-radius e with center 



Zj'. (See Figure [H] from now on.) Since the holonomy group h(iri(M)) has 
shrinkable dimension less than or equal to d, it follows that for each ipi, E[ 
includes a compact set K[ such that dev(Kl) is a compact (n — d)-d-ball of 
radius e with center dev(z-) and 

d(/ i (^)(dev(^)),/ i (^)(5dev(^))) > 8 
for every %\ that is, we have for each i 

d(dev(^),5dev(^(^)))>5. 
Since dev\i()i(K-) is a d-isometry, ifj is an (n — d)-d-ball satisfying 

d(zi,<5Vt(^))>5. (21) 
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Figure 21. 



The set dev(T) is a subset of a unique (<i + l)-dimensional affine subspace 
P d+1 in R". Let S be the component of dev _1 (P d+1 ) n M including T°. Let 
/ : R" — > R""" 1 " 1 be the affine function whose zero set equals P d+1 . Since we 
have ipi(K-) PI S — (I o dev|^j(i^j')) _1 (0), the set ipi(Kl) n S equals a convex 
ball of dimension > 1 = (n — d) — (n — d — 1). Therefore, ipi(Kl) fl S includes 
a segment Sj so that ^ G s° and d(zj, 5sj) > 5 for each i by equation |2T]. 

Let T 3 s/4(x) be the subset of points of T of d-distance 35/4 from x. Since 
the d-diameter of F\ fl is less than or equal to 5/2, T 3 s/^(x) is a compact 
subset of M not meeting Mx.; hence, T^u{x) is a compact subset of M. Let 
Zj = SjPlT. Then Zj is a segment in T so that ^ G Z°. An elementary geometric 
argument shows that Zj meets T 3 5/ 4 (x) if Zj is in the 5/8-d- neighborhood of 
x in T (compare with Carriere || Fig. 4]). Since Zj C ipi(E) for the above 
compact subset E of M, ipi(E) fl 73,5/4(2;) is not empty for infinitely many i. 
Since 73,5/4 (x) is a compact subset of M, this contradicts the fact that the deck 
transformation group acts on M properly discontinuously. 

Suppose now that the d-diameter of F\ riMeo is greater than 6/2. By tilting 
the face F\ of T, we will now produce a new (d + l)-simplex 7" with 

V n c F[° n Moo ^ 
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Figure 22. 



where F[ is a side of T' and the d-diameter of F[ n less than or equal to 
5/4. This will complete the proof of Theorem |2|. 

Let us consider the convex hull K' of dev(Fi fl M^) in R n . Since dev(F 1 °) 
is a subset of P d for a rf-dimensional affine subspace P d of P d+l , K' is a subset 
of P d . For the purpose of choosing T' and F{, we will now choose following 
objects (see Figure |2Tj|) : 

Lq _1 : Since K' is convex, there exists an exposed point x' of K' with respect 
to P d ; that is, x' is the unique intersection point of K' with an affine 
hyperplane Fq -1 in P d . Then we have x' G dev(F 1 nM oc ) and L^flK' = 
{x'}. 

Cq 1 : We choose a (d — l)-simplex C d 1 in Fq fl dev(F 1 ° ) containing a;' in the 

interior and included in the d-ball of radius < 5/8 with center x' . 
if' 2 : Let if' 2 for i = 1, . . . , d denote the sides of C d ~ l . 

Let P(f be the component of P d — L d ~ 1 disjoint from K'. Choose a segment s of 
d-length < 5/8 in the intersection of the closure of Pq and dev(F°), transverse 
to Fq -1 , and starting from x' . 

L d ~ x : We choose a point xq in s° sufficiently close to x' so that the affine hy- 
perplane L d ~ l in P d including xq and l d ~ 2 is disjoint from K' for every i, 
i — 1, . . . , d. 

Cf' 1 : Let Lf' 1 n dev(Fi) be denoted by Cf' 1 for each z, % = 1, . . . , d. 
7if : For each i, i — 0, . . . , d, let 7if denote the intersection of dev(Fi) with the 
closure of the component of P d — L d ^ 1 disjoint from K' . Then TCfnK' = 
for i = 1, . . . , d, and H d n FT' = {x'}. 

If we let M P = dev _1 (P d+1 ) n M, then M P includes a compact (p+ l)-ball 
neighborhood Ui of the inverse image of TCf under dev|F for each i, i = 1, . . . , d. 
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dev( T) 




dev( F[) 

Figure 23. 

By Proposition |5| and choosing U appropriately, we may assume without loss 
of generality that dev|T U Ui is an imbedding onto a compact subset of P d+l . 

Let P 2 be a two-dimensional affine subspace including the segment s and V\. 
Then P 2 D dev(Fi) is a segment t passing through the interior of f]f =l T~Cf and 
xq. Choose a point x[ in tnf]f =1 H d, °, and a point X\ in the exterior of dev(T) 
on the semi-infinite line starting from V\ passing through x[. We choose x' x and 
x\ so that their d-distances from x' are less than 5/4. Then xo = Xvi+fixi+ux' 
where A, //, z/ are the barycentric coordinates and A + /i + z/ = 1. We choose Xi 
sufficiently close to Xo so that /x is close to 1 and, hence, we obtain 

[L > 0. (22) 

For each i, i = 1, 2, . . . , d, P d+1 includes a (d + l)-simplex Tf +1 with the 
following properties: 

• The c?-simplex in the unit tangent sphere at V\ determined by Tf +1 
matches with that determined by dev(T). 

• Ff j{ n dev(Fi) = Cf' 1 where Ff^ is the side of T? +1 opposite to v 1 . 

• x ,xi G Fij. 

Then it is easy to see that T t d+1 D Hf, and T t d+1 nK' = ®. Hence, x' is not an 
element of T d+l . Since F d { n C d ^ 1 D l d ~ 2 and we tilted Ff ti away from x', we 
have T d+1 n (^o" 1 ) = 0. ' 

Since . . . , L^ 1 are in general position in P d+1 , F^, . . . , Ff d are in 

general position in P d+1 . Hence, Hf=i -^fi ^ s a segment containing xo and x\. 

Recall M P = dev -1 (P d+1 ) n M. We may choose X\ close enough to x[ so 
that 7; d+1 C dev(T U t/i) for every i, % = 1, . . . , d. Let f d+1 be the (d + 1)- 
simplex that is the inverse image of T d+l under the imbedding dev|T U U, 
where dev|T d+1 is an imbedding onto T d+1 . Since TUUi is a subset of M, so is 
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Figure 24. Bending picture. 

tf +1 . Letting T* = Uti^ +1 , and f * = [f %=l ff +1 , we obtain by Proposition 
[|and an induction that dev|TUT* is an imbedding onto dev(T) UT* in P d+1 . 

For a simplex R in R n and points Wi, . . . , w m , let [R, W\, . . . , w m ) denote the 
affine simplex spanned by the vertices of R and Wi, . . . , w n if it is nondegener- 
ate. Since Zf~ 2 C Ff { and xo, x\ G Ff^, the <i-simplex [/f~ 2 , xo, xi] is a subset 
of Ff^ The (d+ l)-simplex [£o _1 , x , Xi] is included in the d-ball of radius 5/ A 
with center x' by our choice of £q _1 ,x , and Xi, and its sides are 

[l d ~ 2 , x , an], . . . , [Z^- 2 , x , xi], [r^ 1 , x ], and xi]. 

The affine subspace F d+1 includes a (d+ l)-simplex iV with vertex v i such that 
the (i-simplex in the unit tangent bundle at v\ determined by N matches with 
that determined by dev(T), and the side opposite to V\ includes [£o _1 , x\\. 

Lemma 6. The simplex [£q _1 ,Xo,Xi] is included in N and includes 

d 

N _ (d ev(T) - dev(F 1 )) - |J(^ +1 " 

Proof. We assume that the affine functions in this proof are never constant 
functions. The set dev(T) can be described as a set of points of P d+1 where 
the real- valued affine functions fi, . . . , fd+i are simultaneously nonnegative. 
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Figure 25. 

We assume without loss of generality that the zero set of fa correspond to 
the side dev(Fj) of dev(T) respectively. Thus, fi(x ) = fx(x') = 0, and 
fi( v i) > 0, although fi(xi) < since X\ does not belong to dev(T). 

Let D be the set of points of P d+1 where / 2 , • • • , fd+i are simultaneously 
nonnegative. N can be described as the set of points of D whose values under 
an affine function gx are nonnegative. Since the boundary of iV in D is a zero 
set of gi restricted to D, gx is zero on the simplex [£ -1 ,:ri]. Thus, gxixx) = 
and gi(vi) > 0, while gx(x') = since * s a subset of the side of N 
opposite to v and x' G C^ 1 . 

Applying fx to the equation x = Xvi + /ixx + vx' where A + [A + v — 1, we 
obtain = A/i(i>i) + iif\{x\). By equation we obtain A > 0. Applying 
g% to the above equation again, we obtain gi(x ) > 0, and hence x G N°. 
Therefore, [C^ 1 , Xq, x\] is a subset of N while [Z^ -1 , x\] is a subset of the side 

Since X\ does not belong to dev(T), and [£q _1 ,x ] is included in F\, fx is 
negative in the interior of [Cq 1 , Xq, x\\. 

Let hi for each i, i = l,...,d, be an affine function nonnegative on Tf +1 
and have Ff { included in the zero set. Since T/ +1 n (C^ 1 )" = by our choice 
earlier, hi is negative on (£q _1 )°. Since xq and x\ are on Ff i for every z, hi is 
negative in the interior of [>Cq _1 , x , x\\ for every i, i = 1, . . . , d. 

If x is a point of 

d 

N - (dev(T) - dev(F0) - |J(^ +1 - 

i=l 

Then x G D and gx(x) > 0, fi(x) < 0, and hi(x) < for every i, i — 1, . . . , d. 
Suppose that x is not in [£q _1 , xq, x\]. Then choose a point y in the interior of 
[£q - \ ^0) x i) Since xy° does not meet F X N , the open line xy° meets the interior 
of a side of [Cq' 1 , xq, x\\ of the form [lf~ 2 , Xq, x\\, . . . , [/^~ 2 , xq, xi], or [£q _1 , x o]- 
Since fx, hi, . . . , hj, are affine functions, fx,hx, ■ ■ ■ ,hd are simultaneously neg- 
ative on xy°. But one of fx, hx, ■ ■ ■ , ha is zero at the point of xy° intersecting 
the side. This is a contradiction. □ 
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Remark 4. In fact, [Cq 1 ,xo,xi] is the closure of 

d 

N _ (d ev(T) - dev(iq)) - |J(^ +1 " *&) 

»=i 

in N. 

Let A" t for t e (0, 1] be the convex (d + l)-simplex that is the image of 
iV under the dilatation with center v\ by the magnification factor t. Let v[ 
denote the vertex of T corresponding to v±. Let us consider the subset A of 
(0, 1] whose element t is such that M includes a (d + l)-simplex Mt such that 
5Mt 3 v[ and dev|A/t is an imbedding onto N t . By Remark [E], A is of form 
(0,*) or (0,1]. 

If A is of form (0, 1], then Mi C M and dev|A/i UT is an imbedding onto iVU 
dev(T) by Proposition |5|. This means that x' G A/"i, which is a contradiction 
since x' is a point of fl F°. Therefore, A is of form (0,t) for < t < 1. 
By Remark [I], there exists a (c? + l)-simplex Mt in M such that dev\Af t is an 
imbedding onto N t . Since t does not belong to A, we have that Mt D 7^ 0. 

Again by Proposition |^ and an induction, dev|A/< U T U T* is an imbedding 
onto A" t Udev(T)UT*. Hence, dev^nM^) is disjoint from dev(T)-dev(F!) 
and T? +1 - Ffi for every i since they are images of subsets of M. By Lemma 
^ dev(A/" t fl Mqo) is a subset of [£o _1 , x o ; ^1] since C N. Since [^q -1 , a; , a?i] 
is included in a d-ball of radius 5/4, the d-diameter of M t H is less than 
or equal to 8/2. 

Let T" = Mt- Then it follows that 

for a side and the d-diameter of F[ fl Mqo is less than or equal to 5/2. This 
completes the proof of Theorem |2|. 

10. The singular hyperbolic manifolds 

We prove in this section Theorem [| We will first give definition of hyperbolic 
manifolds with cone-type singular locus, and prove Claim III, which implies the 
Theorem |3|. 

In this section, we identify the hyperbolic space if 3 with the interior of the 
standard sphere, i.e., the d-radius 1 with center O, in R 3 in the real projective 
space RP 3 and the group of hyperbolic isometries with the projectivized group 
PSO(l, 3) of Lorentz isometric linear transformations of R 4 — {0} in GL(4, R). 

Let / be the line in the hyperbolic space that is the intersection of the z- 
axis with the ball H 3 , for convenience, and N c (l) is the closed hypercyclic 
neighborhood, i.e., given by points of H 3 of hyperbolic distance less than or 
equal to c for a fixed c > 0. Let (N c (l) — tj denote the universal cover of 
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N c (l) — I, which has a hyperbolic structure. The developing map dev^ of 
(N c (l) — If to H 3 is precisely the covering map of N c (l) — I. Since (N c (l) — tj 
is the universal cover of N c (l) — I, it has coordinates (r, 9, z) where for a point 
p of (N c (l) — r(p) denotes the hyperbolic distance from I to dev;(p), 9{p) 
the standard projected oriented angle from the standard lift of the (x, z)-half 
plane given by x > to p in (N c (l) — /)~and z the ^-coordinate of dev/(z). The 
ranges of these variables are given as follows: r G (0, oo),9 G (—00,00), and 
z G (—1, 1). For any self-isometry of (N c (l) — If, we obtain an isometry of H 3 
fixing I. Hence, there exists a subgroup of isometries of (N c (l) — /)~ isomorphic 
to the group of complex linear maps of (C — {0})~ considering the endpoints 
of / to be and 00. A complex linear map of (C — {0}J is determined by 
(r, 9), r G R + , 9 G R, where r indicate the expansion factor and 9 the rotation 
amount. We will denote the linear map by s r ^ and denote the isometry of 
(N c (l) — lj corresponding to it by the same notation. 

Lemma 7. The completion (N c (l) — l)~ of (N c (l) — lj can be identified with 
the union of Cl(l) and (N c (l) — V) with the metric topology such that a Cauchy 
sequence of points pi in (N c (l) — lj converges to a point (0,0, t) G C\(l) for 
t G [—1, 1] if and only if dev/(pj) converges to (0,0, t) G C1(Z). 

Proof. Straightforward. □ 
Our manifold 

({N c (l) - /)-- {(0, 0, -1), (0, 0, 1)})/ < s r>e r, Sl , e > 

is homeomorphic to a solid torus T if r ^ 1. The solid torus has a locus of 
singularity /' corresponding to / which is said to be the core singular locus. 
We say that T is a solid-torus with cone-type core- singularity I' of angle 9 and 
radius c. 

A pair of a three- manifold M and a link L in M is said to have a singular 
hyperbolic structure with cone-type singular locus L if M — L has a hyperbolic 
structure and for each component K of L, there exists a closed neighborhood 
N C (K) which is isometric to a solid-torus with cone- type singularity 9k for 
9k > of radius c, c > 0. 

Let p : (M — LJ"*— > M — L denote the universal covering map. Since M — L 
has a hyperbolic structure, (M — V) Las a developing map dev : (M — L)~^ 
H 3 and a holonomy homomorphism h : tti(M — L) — ► PSO(l,2). Since the 
standard ball H 3 is a subset of an affine patch R 3 in RP 3 , it follows that dev 
induces an affine structure on (M — LJ. (However, the affine structure doesn't 
descend to that of M — L.) Theorem [1] and the following claim prove that 
(M — L)~ is diffeomorphic to R 3 and prove Theorem |3|. 

Claim 1. (M — LJ is 2-convex. 



THE UNIVERSAL COVER OF AN AFFINE THREE-MANIFOLD 



59 



We begin the proof of the claim. Let N(L) denote the neighborhood of 
the link L that is the union of N Ci (Ki), Ci > 0, for each component Ki of L 
where A^ Ci (iQ)'s are mutually disjoint. Then (M — L J equals the union of the 
connected submanifold (M — N(L)°J the inverse image of M — N(L)° under p 
covering M — N(L)° and (N(L) — LJ, the inverse image under p of N(L) — L. 
Each component of {N(L) — LJ is a cover of N c .(Ki) — Ki, which we denote 
by C\ for some j in the countable index set Jj. Hence (N(L) — LJ consists 
of infinitely many components each isometric to (N c (l) — IJ for some c with 
respect to hyperbolic metrics. Hence, there exists a projective map f- : C\ — > 
(N c (l) - IJ. Finally, the intersection of (M - N(L)°J and (N(L) - LJ is a 
union of infinitely many disjoint 2-cells which cover the tori SN(Ki). 

Suppose that (M — LJ is not 2-convex. Then there exists a 3-simplex T in 
(M - Lj with T fl (M — LJ^ = F° n (M — Lf^ ^ by Proposition |. Hence, 
there exists an affine geodesic k in T starting from the vertex t> x of T opposite 
Fi and ending at a point y of F° fl (M — LJ^. p\k is a geodesic with respect to 
the hyperbolic metric. Suppose that p\l is infinitely long under the hyperbolic 
metric. Then dev|A; is an infinitely long geodesic 

in H 3 and hence dev(y) is a point of the sphere at infinity 5H 3 . However, 
note that dev(y) is in the affine convex hull of four points which are images 
under dev of the vertices of T. Since these points are in if 3 and if 3 is a strictly 
convex subset of R 3 , dev(y) does not belong to SH 3 . Therefore, p\k is finitely 
long. 

By looking at the geometry of dev|/c and dev(Cf) in H 3 , we see that k 
cannot leave C{ and re-enter the same C\. Since k is finitely long, k cannot 
enter infinitely many Cfs. Thus p\k either stops at a point of M — L or it 
enters N e {Kj) for a fixed Ki and every e, < e < q. The first possibility is 
impossible since x belongs to (M — LJ^. The second possibility implies that 
k enters a component C\ covering N c .(Ki) and never leaves it. Letting Cf e 
denote the cover of N t (Ki) in k enters C\ t for each e > and never leaves 

it. We assume without loss of generality that k is in C{ by making k smaller 
if necessary. The indices i, j are fixed from now on. 

Since the map f- : C\ — > (N c .(l) — IJ is hyperbolic and hence projective, 
dev o fl = d o dev for some $ in PSO(3, 1). This map $ is quasi-isometric 
with respect to d on the standard ball H 3 in HP 3 . Since we will be looking 
at one C\ , we may assume without loss of generality that $ = I by choosing 
another dev if necessary. has a path-metric d! induced from the Riemannian 
metric from R n induced by dev. The restriction to C\ of the induced path 
metric d on (M — LJ agrees with d' on C\ as the length of path in (M — LJ 
with boundary in C\ can be shortened by a path in C\ as we can easily show. 
Hence, the closure Cl(C^) in (M — L)~ can be identified with the completion 
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of C{. Since the completion of C\ is quasi-isometric to (iV c .(/) — lj, we easily 
see that C1(C|) is quasi-isometric to (N Ci (l) — l)'by an extension map / of f-. 
Actually / is an isometry. 

Note that (M — L)~is the union of the closure of (M — N(L)J and the closure 
of C\ in (M — L)~for each j. Let l\ be the subset of Cl(C^) corresponding to 
Cl(/) in [NcSS) — by / (see Lemma |7|). Hence, Cl(Cf) is the union of C{ and 
the segment l\ corresponding to the singular locus, and x belongs to l\ since k 
is a subset of C\. 

Since f(k) is a subset of (N c .(l) — lj, dev(/(fc)) is a subset of unique open 
totally geodesic half-plane P in H 3 with boundary /. PC\N Ci (l) lifts to a unique 
subspace P' of (A" C .(Z) - l)~ including k. Then let P" = / _1 (P')- It follows that 
dev o f\P" — dev|P" is an imbedding onto the convex set P fl N c .(l). Hence, 
the closure C1(P") of P" in C1(C/) is a tame set, a 2-ball, and obviously C1(P") 
includes the segment in its boundary. 

Since dev(T) and dev(Cl(P")) are convex compact subset of R 3 , dev(T) n 
dev(Cl(P")) is a convex set including dev(/c). Since k C T° and k C P", 
dev(T°) n dev(P") is not empty and dev(T) n dev(Cl(P")) is its closure. 
Proposition [5] implies that dev|T U C1(P") is an imbedding onto dev(T) U 
dev(Cl(P")). Since Cl(/) = dev(^), this means that 

Tnl{ = (dev|T U Cl(P")) _1 (dev(T) n Cl(/)). 

Since dev(T) is a subset of H 3 , Cl(/) is a segment with endpoints in SH 3 , both 
sets contain dev(x), it follows that / is tangent to dev(P 1 °) at x. Otherwise, 
I intersects dev(T°), which is impossible since I is included in the ideal set 
of (M — Lj. Furthermore, dev(T) fl C1(Z) is not a subset of dev(P 1 °) by a 
geometric consideration that dev(T) is a subset of H 3 and Cl(/) has endpoint 
in the boundary of H 3 . Hence, T fl l\ is not a subset of F°. This contradicts 
our assumption. Hence, (M — LJ is 2-convex, and the proof of Theorem ^ is 
complete by Theorem [TJ 



Appendix 

The purpose of this section is to prove Lemma R The essential step to verify 



this lemma is Lemma 4.7 of Milnor |39| , p. 43]. 



Lemma 8. Let fl be a 2-disk. Let f : Q — ► R be a smooth function with a 
local maximum y and a saddle point z with a f -gradient-like vector field (. Let 
Ti be a flow line from z to a point r with f(r) > f(y) and T 2 a flow line from 
z to y. Then there exists a small neighborhood U ofTi U T 2 with coordinates 
(ui,U2) so thatr has coordinates (—1,0), z (0,0), andy (1,0); / can be written 



THE UNIVERSAL COVER OF AN AFFINE THREE-MANIFOLD 



61 



as 



f(x) = I v 1 (t)dt + f(r)-u 2 2 ; (23) 



and (ui,u 2 ) : U — > R mapping Ti U T 2 to the segment ( — 1, 0)(1, 0). 

The plan to prove this lemma is we do this first for the flow line T 2 only. 
For neighborhoods V y and V z of the endpoints y and z of T 2 respectively, we 
have the canonical forms of /. We modify our gradient-like vector field ( a 
little. Then we find a square S obtained by the flow including T 2 and attach 



it to V y and V z (see Figure |26] and P7|) . We find an integral expression of / on 
T 2 and extend it to S from V y and V z . This is done using the implicit function 
theorem for infinite dimensional Banach manifolds due to Smale fl^Bfl . It is 
shown that the integral expression on S extends the functions of V y and V z 
by comparing functions near arcs in the boundaries of V y and V z respectively. 
The extension of the integral form to a neighborhood of Ti U r 2 is completely 
similar to the extension to S from V y UV z . 

We will show first that there exists a neighborhood U 2 of T 2 with coordinates 
(«!, u 2 ) so that z has coordinates (0, 0), and y (1, 0); / can be written 

f(x)= / Vl (t)dt + f(z)-u 2 (x) 2 (24) 



on U 2 ; and (ui,u 2 ) : U 2 — > R 2 sending T 2 to (0,0) (1,0). 

Choose a neighborhood V z for z so that there exists a coordinate system 
(t>i, v 2 ) where z has coordinates (0, 0), v 2 on T 2 equals 0, / is written as f(z) + 
v\ — v 2 , and the gradient-like vector field ( takes the canonical form (vi, —v 2 ), 
and choose V y for y so that there exists a coordinate system (v[,v' 2 ) where y 
has coordinates (0, 0), v 2 on Y 2 equals 0, / is written as f(y) — v f — v 2 , and 
C takes the canonical form (— v[, —v' 2 ). Actually, we choose V z and V y a little 
bit smaller so that the respective neighborhoods V' z and V' of their closures 
can be coordinatized as above. We assume further that Cl(t^) and C\(y y ) are 
homeomorphic to disks, that the image of C1(T4) under the coordinate chart 
(t>i, v 2 ) equals a region given by \v-\_\ < I and |f 2 | < I and \vf — v 2 \ < I' for some 
positive numbers / and I' — thus the boundary of the image of Cl(V^) consists 
of four arcs in hyperbolas and eight segments — and that C\(V y ) under the 
coordinate chart (v[,v' 2 ) equals a disk of radius I" with center O (see Figure 
P^). The boundary of V z includes an arc segment a where / is constant and 
the boundary of V y includes an arc segment (3 where / is constant such that a° 
and (3° meet T 2 at unique points. We assume without loss of generality that 
a is a subset of a component a' of a level set /" 1 (/(z) + k), and j3 is a subset 
of a component (3' of f~ 1 {f{y) — k) for a small positive number k. We choose 
a and f3 so that v 2 takes values (—/«', k') on a and v 2 values (— k', k') on f3 for 
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another small positive number k' . We also assume that the (t>i, f 2 )-coordinates 
of T 2 fl a° is (a/k, 0) and the (v[, v ^-coordinates of T 2 fl j3° is (—y/~R,, 0). 




Figure 26. A coordinatized view of V z , V' z , (, V y , Vy 



By altering ( near a fl T 2 , taking a sufficiently small, and a partition of 
unity argument, we assume that ( is parallel to the vector field (1,0) in a 
neighborhood U z of a in V' z and on the i>i-axis. For simplicity, we let V' z = 
U z U V z from now on. We also alter ( near f3 fl r 2 using a partition of unity 
and taking (3 sufficiently small so that ( is parallel to the vector field (1,0) in 



a neighborhood U y of (3 in V' and on the v [-axis. We let V' 



UyUV z 



from 



now on. 



Morse theory tells us that there exists a homeomorphism if> from a' to f3' 
induced by the flow generated by the /-gradient-like vector field (. Let A be 
the component of T> — a 1 — (3' not containing y and z homeomorphic to an 



open annulus. By Lemma 4.7 of Milnor [[3^, p. 43], we may alter our gradient- 
like vector field ( within a compact subset of A, and if) accordingly, so that 
ip(a) = P and v' 2 oip = ±t> 2 holds on a. We change the sign of v' 2 if necessary so 
that v' 2 o ip — v 2 holds on a. We assume that T 2 is still the flow line from z to 
y, which we can achieve by a self-diffeomorphism of A supported in a compact 
subset of A after we obtain a new flow line T' 2 from z to y. We let S denote 
the disk that was obtained by sweeping a to (3 using the flow. (See Figure p?| .) 





Figure 27. V z , V y , A, and S. 

Introduce a coordinate u\ on T 2 so that it agrees with v\ in V z fl T 2 and 
with v[ in V y fl T 2 ; we may have to change the coordinate function v[ in 
V y by a constant if necessary so that f(x) — f(y) — (v[ — c) 2 — (v' 2 ) 2 on V y 
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for a constant c, c > 0. We chose u\ so that 1*1(2:) = 0, and then we see that 
u i{y) — c - Restricted on the arc in T 2 between z and y, f is strictly increasing, 
and / is decreasing elsewhere on r 2 . We may write 

f(x) =2 v(t)dt + f(z) (25) 



on T 2 where v is a real- valued function with v(t) > on (0, c), v(0) = v(c) = 
0, negative elsewhere, and equals a negative constant C outside a bounded 
interval of R. Let e be the supremum of U\ on T 2 fl V' z and e 1 that of c — U\ on 
r 2 - Vy. For < t < e, v(t) = t, and for c - e' < t < c, -u(t) = -t + c so that 
our equation |25| extends those of the local forms of / in V z fl T 2 and V y fl T 2 
respectively. 

Let r' fc for fc, I A; I < k denote the flow line from the point of a with in- 
coordinate k to that of (3 with f 2 -coordinate k. We introduce a coordinate 
function u 2 on the disk S by letting f 2 (x) for x E S equal to k if T' k passes 
through x. Then u 2 extends the coordinates v 2 on V' z and f 2 on Vy smoothly 
by the third paragraph above. We let u 2 denote the extended function. We 
extend U\ on S by letting U\{x) equal to the value of u\ on the point of T 2 
intersected with the level curve passing through x. 

We claim that for k, k > 0, sufficiently small, if \k\ < k, we can write for 

x e T' k 

f*U\ (ic) ~{~Tj ("C) 

f(x) =2 ' v(t)dt - u 2 (x) 2 + f(z) (26) 

Jo 

for a small C°°-function rj defined on S. 

Let C°[e, c — e'} be the Banach space of continuous real- valued functions 
defined on [e, c — e'] with the sup norm || W^. Let O be the open subset of 
C°[e, c—e'\ of functions g on [e, c—e'] such that \g(r) \ is less than min{e/2, e'/2} 
each r. 

We define a continuous functional : O — > C°[e, c — e'] for a real valued 
function g defined on [e, c — e'] by letting the function T{g) : [e, c — e'] — > R of 
variable r equal to 

rr+g{r) 

k{r) = 2 / v{t)dt-f{z). 



We claim that T is a cx-proper map (see Elworthy-Tromba 0, Section 3]). 
That is, the domain O can be written as a countable union of closed sets on 
each of which T is a proper map. O equals U^Li ®n where O n equals the subset 
consisting of elements g of C°[e, c — e'] with | \g\ ^ < min{e/2, e'/2}(l — l/2 n ). 
The following calculations shows us that T\O n is a proper map for each n: Let 
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ki and k 2 correspond to g\ and g 2 in O n under T respectively and observe that 

rr+gi(r) rr+g 2 (r) 

\h{r) - k 2 {r)\ = 2| / v(t)dt - I v{t)dt\ 

Jo Jo 

"r+g 2 (r) 

v(t)dt\ 

>r+gx(r) 

> \9i{r) - g 2 (r)\ inf \v\ (27) 

[e/2,c-e'/2] 

This implies that if fc« — ► k in jF((9 n ), then g t is a Cauchy sequence for any g^ 
in C n satisfying ki = J-{gj). Hence, (J r \O n )^ 1 (K) for a sequentially compact 
set K is compact. 

The differential of this functional T at is given by g \— > ug. Since t> is 
never zero in (0,c), this map is a linear isomorphism of the space of real- 
valued smooth functions over [e, c — e']. We define fk : [e, c — e'] — >■ R by letting 
/fc(r) equal to /(x) for x satisfying u\(x) = r and u 2 (x) = k. Since T is a 
cr-proper-map, by the infinite dimensional Sard theorem of Smale ESI, we can 
always solve the equation 

fk(r) = 2 / v(t)dt-k 2 + f(z) 

Jo 

for a continuous function % defined on [e, c — e'] if |fc| is sufficiently small. 
Let S K denote the union of Ti for \l\ < k. Assume k is sufficiently small. 



Our equation |26| would follow if we define r\ by letting rj(x) = r) U2 r x )(ui(x)) for 
x G S K and show rj to be C°°. The fact that 77 is smooth will follow if the 
two-variable function rf : [e, c — e'] x [—«,«] defined by letting r/'(r,k) to be 
r)k{r) is smooth. Since the function /' defined by letting f'(r, k) equal to /fc(r) 
is smooth on 5* K , fk is continuous. Hence, the inequality shows that 
A; 1 — ^ ?7fc is also a continuous function, and the continuity of rf follows. The 
smoothness of rf follows by partial differentiating with respect to variables r 
and k the function 

rr+r]'(r,k) 

f'(r,k) = 2 / v {t)dt-k 2 + }\z) 







and a bootstrap argument. 

For k sufficiently small, we let u[ = U\ + rj for each x in S K . Then is a 
coordinate function on Near U z , f is of form /(z) + t> ^ — u 2 and of form 
f(x) = 2 J "' l(a;) - u 2 (x) 2 + f(z) in U z n S K where u(t) = £ for t G (0, e") 

for some e" > e. Since the value of u[(x) is near e on a if k is sufficiently 
small, an integration shows that f(x) = {u'^x)) 2 — u 2 (x) 2 + f(z) for x in S K 
sufficiently near a since e < e". Hence, for x in fl V^' sufficiently near a, we 
have (u'^x)) 2 = (t>i(x)) 2 . Since u[ and t>i are positive sufficiently near a, u[ 
extends V\\V Z to S K smoothly. 
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Near/?, / is of form f(y) — (v[— c) 2 — (w 2 ) 2 and of form /(x) = 2 J^ 1 ^ v(t)dt— 
U2(x) 2 + f(z) m S K . Since v(t) = — t + c for t G (c — e'",c) for some e'", e w > e', 
and /(y) — /(z) = 2 f°v(t)dt, it follows that 

,-c-e'" 

f(y)-f(z)=2 v(t)dt + (e"') 2 . (28) 

</o 

If a point x in S K is sufficiently near j3, then w'^x) > c — e'". For such x, since 
i>(t) = c — t for c — e w < t < c, we can write 

,<(*) , C -e"' 

/(x) = 2 / t»(t)rft + 2 / w(t)dt - (m 2 (x)) 2 + f{z) 

Jc-e'" JO 

i /_\ \2 i / jr/\2 i o / /„. r™^^2 



= -K(x) - c) 2 + (e'"Y + 2 / W (t)tft - (u 2 (x)Y + f(z). (29) 

Jo 

In Vy, f is of form 

f(x) = -(v[(x) - c) 2 - (t; 2 (x)) 2 + f(z) + /(y) - /(*). 

By equations p8[ and |29l and this equation, we obtain (v[(x) — c) 2 = (-u'^x) — c) 2 . 
Since t>i(x) < c near /3 and so is u[(x), we obtain v[(x) = u[(x) near /3 in 
S K fl assuming that k is chosen sufficiently small. Thus u[\S K extends v[\V y 
smoothly. Let us denote by u[ the coordinate function extending v\ and v[ to 
V z U V y U S K . Then (u[, U2) forms a global coordinate system of V z U V y U S K . 
Since / takes canonical form in V z and V y , it is easy to see that / can be 
written of the form 

f(x)= / 1 v (t)dt + f(z)-(v 2 ) 2 



in V Z U V y U S^. We let C/ = K U V y U S K and iti = u[/c and we let our new v 
be c multiplied by v. Then 2; has coordinates (0,0) and y (1,0), T 2 is on the 



^i-axis, and / has the form of equation 24. 



To prove Lemma H fully, we need to extend our integral expression 24 to a 



neighborhood of r x to obtain the expression |23]. However, this can be done by 



the identical method by patching coordinates together. 
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